Appendix 1

(PROOFS IN MATHEMATICS)

% Proofs are to Mathematics what calligraphy is to poetry.
Mathematical works do consist of proofs just as
poems do consist of characters.

— VLADIMIR ARNOLD <

A.1.1 Introduction

In Classes IX, X and XI, we have learnt about the concepts of a statement, compound
statement, negation, converse and contrapositive of a statement; axioms, conjectures,
theorems and deductive reasoning.

Here, we will discuss various methods of proving mathematical propositions.

A.1.2 Whatis a Proof?

Proof of a mathematical statement consists of sequence of statements, each statement
being justified with a definition or an axiom or a proposition that is previously established
by the method of deduction using only the allowed logical rules.

Thus, each proofiis a chain of deductive arguments each of which has its premises
and conclusions. Many a times, we prove a proposition directly from what is given in
the proposition. But some times it is easier to prove an equivalent proposition rather
than proving the proposition itself. This leads to, two ways of proving a proposition
directly or indirectly and the proofs obtained are called direct proof and indirect proof
and further each has three different ways of proving which is discussed below.
Direct Proof It is the proof of a proposition in which we directly start the proof with
what is given in the proposition.

(i) Straight forward approach It is a chain of arguments which leads directly from
what is given or assumed, with the help of axioms, definitions or already proved
theorems, to what is to be proved using rules of logic.

Consider the following example:
Example 1 Show that if x> — 5x + 6 =0, then x =3 or x = 2.

Solution x? — 5x + 6 = 0 (given)
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188 MATHEMATICS

= (x—3) (x—2) =0 (replacing an expression by an equal/equivalent expression)
= x—3=0orx—2=0 (from the established theorem ab = 0 = either « = 0 or
b =0, for a, b in R)

= x—3+3=0+3o0or x—2+2=0+2 (adding equal quantities on either side of the
equation does not alter the nature of the
equation)

= x+0=3orx+0=2 (using the identity property of integers under addition)

= x =3 orx =2 (using the identity property of integers under addition)

Hence, x> — 5x + 6 = 0 implies x = 3 or x = 2.

Explanation Let p be the given statement “x?>— 5x + 6 =0 and ¢ be the conclusion
statement “x =3 or x = 2”.

From the statement p, we deduced the statement »:“(x — 3) (x — 2) = 0” by
replacing the expression x> — 5x + 6 in the statement p by another expression (x — 3)
(x —2) which is equal to x* — 5x + 6.

There arise two questions:
(i) How does the expression (x — 3) (x — 2) is equal to the expression x*> — 5x + 6?

(i) How can we replace an expression with another expression which is equal to
the former?

The first one is proved in earlier classes by factorization, i.e.,
X=5x+6=x>-3x-2x+6=x(x-3)2x-3)=(x-3) (x—-2).
The second one is by valid form of argumentation (rules of logic)

Next this statement » becomes premises or given and deduce the statement s
“x—3=0o0rx—2=0"and the reasons are given in the brackets.

This process continues till we reach the conclusion.

The symbolic equivalent of the argument is to prove by deduction that p = ¢
is true.

Starting with p, we deduce p = r = s = ... = ¢. This implies that “p = ¢” is true.
Example 2 Prove that the function f: R > R
defined by f(x) = 2x + 5 is one-one.

Solution Note that a function f'is one-one if

f(x)) =f(x,) = x, = x, (definition of one-one function)
Now, given that f@x) =f(x,),ie,2x+5=2x,+5
= 2x,+5—5=2x,+5-5 (adding the same quantity on both sides)
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= 2x+0=2x,+0
= 2x, = 2x, (using additive identity of real number)

2 L .
= 3 X = 5 X, (dividing by the same non zero quantity)
= xl = x2

Hence, the given function is one-one.
(ii) Mathematical Induction

Mathematical induction, is a strategy, of proving a proposition which is deductive in
nature. The whole basis of proof of this method depends on the following axiom:

For a given subset S of N, if
(i) the natural number 1 € S and
(i) the natural number £ + 1 € S whenever £ € S, then S = N.

According to the principle of mathematical induction, if a statement “S(#n) is true
for n = 1" (or for some starting point j), and if “S(n) is true for n = £ implies that “S(n)
is true for n =k + 17 (whatever integer k > j may be), then the statement is true for any
positive integer n, for all n > ;.

We now consider some examples.

Example 3 Show that if

cos® sin O [ cosn® sinn0]
A=|_sine cosp| »then A= |—sin nO cosn 0|
Solution We have

[ cosn® sinn0]
Plm) : A" = |—sin n0 cosn 0|

[ cos® sin 0

AL —
We note that P(1): A | _sin® cos 0

Therefore, P(1) is true.
Assume that P(k) is true, i.e.,

. coskO sink©
POA= | _Ginko cosko
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190 MATHEMATICS

We want to prove that P(k + 1) is true whenever P(k) is true, i.e.,

o cos(k+1)0 sin(k+1)0
PUHD AT = sink +1)6 cos (k+1)0

Now A= AF A

Since P(k) is true, we have
" coskO sink6 cos O sin 0O
AT = —sink O cosk 0O —sin® cos O

[ cosk 6 cos O —sin k 0sin 0 cosk 0 sin © + sin k O cos O
—sink OcosO—coskOsin® —sink Osin O+ cosk OcosO

(by matrix multiplication)

[cos (k+1)0 sin(k+1)6
~ | —sin(k +1)0  cos (k+1)9}
Thus, P(k + 1) is true whenever P(k) is true.
Hence, P(n) is true for all n > 1 (by the principle of mathematical induction).
(iii) Proof by cases or by exhaustion

This method of proving a statement p = ¢ is possible only when p can be split into
several cases, 7, s, t (say)sothat p=r v s v t(where “\ " is the symbol for “OR”).

If the conditionals r=gq;
S = dq,
and = q

are proved, then (r v s v ) = ¢, is proved and so p = ¢ is proved.

The method consists of examining every possible case of the hypothesis. It is
practically convenient only when the number of possible cases are few.

Example 4 Show that in any triangle ABC,
a=bcosC+ccosB

Solution Let p be the statement “ABC is any triangle” and ¢ be the statement
“a=bcos C+ ccos B”

Let ABC be a triangle. From A draw AD a perpendicular to BC (BC produced if
necessary).

As we know that any triangle has to be either acute or obtuse or right angled, we
can split p into three statements 7, s and ¢, where

Reprint 2024-25



PROOFS IN MATHEMATICS 191

r: ABC is an acute angled triangle with £ C is acute.

s : ABC is an obtuse angled triangle with £ C is obtuse.

t: ABC is aright angled triangle with £ C is right angle.
Hence, we prove the theorem by three cases.

When £ C is acute (Fig. Al.1). A
From the right angled triangle ADB,
BD
E =cos B c b
ie. BD = AB cos B
=ccos B
From the right angled triangle ADC, B a I——D C
CD Fig Al.1
AC =cos C
ie. CD=AC cos C
=b cos C
Now a=BD + CD
=ccosB+bcosC (D)

When Z C is obtuse (Fig A1.2).
From the right angled triangle ADB,

BD
AB =cos B
i.e. BD = AB cos B
=ccos B
From the right angled triangle ADC,
CD
AC = cos L ACD
= cos (180° - C)
= —cos C
i.e. CD= -ACcos C
= —bcos C
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192 MATHEMATICS

Now a= BC=BD-CD
ie. a= ccos B—(—bcosC)
a= ccosB+bcosC
When £ C is a right angle (Fig A1.3).
From the right angled triangle ACB,

BC

AB 08
i.e. BC = AB cos B

B
a=c cos B,
and b cos C = b cos 90°= 0. Fig A1.3
Thus, we may write a=0+ccosB
=bcosC+ccosB .. (3)

From (1), (2) and (3). We assert that for any triangle ABC,
a=bcosC+ccosB
By case (i), r = ¢ is proved.
By case (ii), s = ¢ is proved.
By case (iii), t = ¢ is proved.
Hence, from the proof by cases, (r v s v ) = g is proved, i.e., p = g is proved.

Indirect Proof Instead of proving the given proposition directly, we establish the proof
of the proposition through proving a proposition which is equivalent to the given
proposition.

(i) Proof by contradiction (Reductio Ad Absurdum) : Here, we start with the
assumption that the given statement is false. By rules of logic, we arrive at a
conclusion contradicting the assumption and hence it is inferred that the assumption
is wrong and hence the given statement is true.

Let us illustrate this method by an example.
Example 5 Show that the set of all prime numbers is infinite.

Solution Let P be the set of all prime numbers. We take the negation of the statement
“the set of all prime numbers is infinite”, i.e., we assume the set of all prime numbers
to be finite. Hence, we can list all the prime numbers as P, P,, P.,..., P, (say). Note
that we have assumed that there is no prime number other than P, P, P.,..., P, .

Now consider N = (P, P, P,...P) +1..(1)
N is not in the list as N is larger than any of the numbers in the list.

N is either prime or composite.
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If N is a prime, then by (1), there exists a prime number which is not listed.

On the other hand, if N is composite, it should have a prime divisor. But none of the
numbers in the list can divide N, because they all leave the remainder 1. Hence, the
prime divisor should be other than the one in the list.

Thus, in both the cases whether N is a prime or a composite, we ended up with
contradiction to the fact that we have listed all the prime numbers.

Hence, our assumption that set of all prime numbers is finite is false.

Thus, the set of all prime numbers is infinite.

Observe that the above proof also uses the method of proof by cases.

(ii) Proof by using contrapositive statement of the given statement

Instead of proving the conditional p = ¢, we prove its equivalent, i.e.,
~q = ~ p. (students can verify).

The contrapositive of a conditional can be formed by interchanging the conclusion
and the hypothesis and negating both.

Example 6 Prove that the function f: R — R defined by f(x) = 2x + 5 is one-one.

Solution A function is one-one if f(x,) = f(x,) = x, = x,.

Using this we have to show that “2x + 5 =2x, +5” = “x, =x,”. This is of the form
p = g, where, pis 2x,+5=2x,+ 5 and g : x, =x,. We have proved this in Example 2
of “direct method”.

We can also prove the same by using contrapositive of the statement. Now
contrapositive of this statement is ~ ¢ = ~ p, i.e., contrapositive of “if f(x,) = f(x,),
then x = x,” is “if x, #x,, then f(x) # f(x))".

Now X, £X,

= 2x, #2x,

= 2x+5#2x,+5
= S(x) #[f(x).

Since “~ g = ~ p”, is equivalent to “p = ¢” the proof is complete.
Example 7 Show that “if a matrix A is invertible, then A is non singular”.

Solution Writing the above statement in symbolic form, we have
p = ¢, where, p is “matrix A is invertible” and ¢ is “A is non singular”

Instead of proving the given statement, we prove its contrapositive statement, i.e.,
if A is not a non singular matrix, then the matrix A is not invertible.
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If A is not a non singular matrix, then it means the matrix A is singular, i.e.,
Al =0
adj A
|Al

Then Al = does not exist as |[A| =0

Hence, A is not invertible.

Thus, we have proved that if A is not a non singular matrix, then A is not invertible.

ie,~q=~p.

Hence, if a matrix A is invertible, then A is non singular.

(iii) Proof by a counter example
In the history of Mathematics, there are occasions when all attempts to find a
valid proof of a statement fail and the uncertainty of the truth value of the statement
remains unresolved.

In such a situation, it is beneficial, if we find an example to falsify the statement.
The example to disprove the statement is called a counter example. Since the disproof
of a proposition p = ¢ is merely a proof of the proposition ~ (p = ¢). Hence, this is
also a method of proof.

Example 8 For each n,2? +1is a prime (n € N).
This was once thought to be true on the basis that

2% +1 =02+ 1 =5 is a prime.
27 +1 =2%+1=17is a prime.

2% +1 =2%+ 1 =257 is a prime.

However, at first sight the generalisation looks to be correct. But, eventually it was

shown that 2% +1 =292+ 1=4294967297
which is not a prime since 4294967297 = 641 x 6700417 (a product of two numbers).

So the generalisation “For each n, 2°" +1 is a prime (n € N)” is false.

Just this one example 2% +1 is sufficient to disprove the generalisation. This is the
counter example.

Thus, we have proved that the generalisation “For each n,2>" +1 is a prime
(n € N)” is not true in general.
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Example 9 Every continuous function is differentiable.

We consider some functions given by

i) flx)=x
(i) gx)=e'
(i) h(x)=sinx

These functions are continuous for all values of x. If we check for their
differentiability, we find that they are all differentiable for all the values of x. This
makes us to believe that the generalisation “Every continuous function is differentiable”
may be true. But if we check the differentiability of the function given by “¢ (x) =| x|”
which is continuous, we find that it is not differentiable at x = 0. This means that the
statement “Every continuous function is differentiable” is false, in general. Just this
one function “¢ (x) =|x|” is sufficient to disprove the statement. Hence, “¢(x)=|x|”
is called a counter example to disprove “Every continuous function is differentiable”.

— % —
L
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Appendix 2

( MATHEMATICAL MODELLING )

A.2.1 Introduction

In class X1, we have learnt about mathematical modelling as an attempt to study some
part (or form) of some real-life problems in mathematical terms, i.e., the conversion of
a physical situation into mathematics using some suitable conditions. Roughly speaking
mathematical modelling is an activity in which we make models to describe the behaviour
of various phenomenal activities of our interest in many ways using words, drawings or
sketches, computer programs, mathematical formulae etc.

In earlier classes, we have observed that solutions to many problems, involving
applications of various mathematical concepts, involve mathematical modelling in one
way or the other. Therefore, it is important to study mathematical modelling as a separate
topic.

In this chapter, we shall further study mathematical modelling of some real-life
problems using techniques/results from matrix, calculus and linear programming.

A.2.2 Why Mathematical Modelling?

Students are aware of the solution of word problems in arithmetic, algebra, trigonometry
and linear programming etc. Sometimes we solve the problems without going into the
physical insight of the situational problems. Situational problems need physical insight
that is introduction of physical laws and some symbols to compare the mathematical
results obtained with practical values. To solve many problems faced by us, we need a
technique and this is what is known as mathematical modelling. Let us consider the
following problems:

(1) To find the width of a river (particularly, when it is difficult to cross the river).

(i) To find the optimal angle in case of shot-put (by considering the variables
such as : the height of the thrower, resistance of the media, acceleration due to
gravity etc.).

(i) To find the height of a tower (particularly, when it is not possible to reach the top
of the tower).

(iv) To find the temperature at the surface of the Sun.
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(v) Why heart patients are not allowed to use lift? (without knowing the physiology
of'a human being).

(vi) To find the mass of the Earth.

(vil) Estimate the yield of pulses in India from the standing crops (a person is not
allowed to cut all of it).

(viii) Find the volume of blood inside the body of a person (a person is not allowed to
bleed completely).

(ix) Estimate the population of India in the year 2020 (a person is not allowed to wait
till then).

All of these problems can be solved and infact have been solved with the help of
Mathematics using mathematical modelling. In fact, you might have studied the methods
for solving some of them in the present textbook itself. However, it will be instructive if
you first try to solve them yourself and that too without the help of Mathematics, if
possible, you will then appreciate the power of Mathematics and the need for
mathematical modelling.

A.2.3 Principles of Mathematical Modelling

Mathematical modelling is a principled activity and so it has some principles behind it.
These principles are almost philosophical in nature. Some of the basic principles of
mathematical modelling are listed below in terms of instructions:

(1) Identify the need for the model. (for what we are looking for)
(i) List the parameters/variables which are required for the model.
(iii) Identify the available relevent data. (what is given?)
(iv) Identify the circumstances that can be applied (assumptions)
(v) Identify the governing physical principles.
(vi) Identify
(a) the equations that will be used.
(b) the calculations that will be made.
(c) the solution which will follow.
(vii) Identify tests that can check the
(a) consistency of the model.
(b) utility of the model.

(viii) Identify the parameter values that can improve the model.
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The above principles of mathematical modelling lead to the following: steps for
mathematical modelling.

Step 1: Identify the physical situation.

Step 2: Convert the physical situation into a mathematical model by introducing
parameters / variables and using various known physical laws and symbols.

Step 3: Find the solution of the mathematical problem.

Step 4: Interpret the result in terms of the original problem and compare the result
with observations or experiments.

Step 5: If the result is in good agreement, then accept the model. Otherwise modify
the hypotheses / assumptions according to the physical situation and go to
Step 2.
The above steps can also be viewed through the following diagram:

i i : Soluti f
Physical |Introduce[Mathematicall Solve |Mathematical| Interpret ?):igl?:a;)
Situation Physical' Model > Solution M pgnal

Laws and Symbols
Accept the | In Good Ag.l:eement ‘L
Model - Compare with|
"*--.._Observation
e
Modify'
Hypothesis | Not in Good Agreement

Fig A.2.1
Example 1 Find the height of a given tower using mathematical modelling.

Solution Step 1 Given physical situation is “to find the height of a given tower”.

Step 2 Let AB be the given tower (Fig A.2.2). Let PQ be an observer measuring the
height of the tower with his eye at P. Let PQ =/ and let height of tower be H. Let o
be the angle of elevation from the eye of the observer to the top of the tower.

A
—’— b 7( 7(
——————————— h
""""""" H
pSa | :
............. B | C
AT e
, T
B
L Fig A.2.2
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Let [=PC=QB
N ana = oe-HA
ow ano = o~ ;
or H=h+1[tan a .. (1)

Step 3 Note that the values of the parameters 4, / and a (using sextant) are known to
the observer and so (1) gives the solution of the problem.

Step 4 In case, if the foot of the tower is not accessible, i.e., when / is not known to the
observer, let 3 be the angle of depression from P to the foot B of the tower. So from
APQB, we have

tanﬁzgzﬁ or/=hcotf
QB !

Step 5 is not required in this situation as exact values of the parameters 4, /, o and 3
are known.

Example 2 Let a business firm produces three types of products P, P, and P, that
uses three types of raw materials R, R, and R,. Let the firm has purchase orders from
two clients F, and F,. Considering the situation that the firm has a limited quantity of
R, R, and R,, respectively, prepare a model to determine the quantities of the raw
material R , R, and R, required to meet the purchase orders.

Solution Step 1 The physical situation is well identified in the problem.

Step 2 Let A be a matrix that represents purchase orders from the two clients F, and
F,. Then, A is of the form

Pl P2 P3
P‘1 e o o

A =
F2 e o o

Let B be the matrix that represents the amount of raw materials R, R, and R,,
required to manufacture each unit of the products P , P, and P,. Then, B is of the form

R,R,R
P1 e o o
B= P2 e o o
P3 L] L] L]
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Step 3 Note that the product (which in this case is well defined) of matrices A and B
is given by the following matrix

R,R,R,
Fl L] L] L]
AB=
F2 L] L] L]
which in fact gives the desired quantities of the raw materials R , R, and R, to fulfill
the purchase orders of the two clients F, and F,.

Example 3 Interpret the model in Example 2, in case

340
10 15 6
A= ,B=17 9 3
10 20 O
512 7

and the available raw materials are 330 units of R , 455 units of R, and 140 units of R ..

Solution Note that

4 0

3
10156793

AB_10200
512 7

Rl R 2 R3
~ R 0O65 247 87C
F,H70 220 60F
This clearly shows that to meet the purchase order of F, and F,, the raw material
required is 335 units of R , 467 units of R, and 147 units of R, which is much more than
the available raw material. Since the amount of raw material required to manufacture

each unit of the three products is fixed, we can either ask for an increase in the
available raw material or we may ask the clients to reduce their orders.

Remark 1f we replace A in Example 3 by A given by

9 12 6
A =
! [10 20 0}

i.e., if the clients agree to reduce their purchase orders, then

340
9 126 41 216 78
AIB:[IO 20 0} : =§ E
s 10 7 70 220 60
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This requires 311 units of R , 436 units of R, and 138 units of R, which are well
below the available raw materials, i.e., 330 units of R , 455 units of R, and 140 units of
R,. Thus, if the revised purchase orders of the clients are given by A , then the firm
can easily supply the purchase orders of the two clients.

One may further modify A so as to make full use of the available
raw material.

Query Can we make a mathematical model with a given B and with fixed quantities of
the available raw material that can help the firm owner to ask the clients to modify their
orders in such a way that the firm makes the full use of its available raw material?

The answer to this query is given in the following example:

Example 4 Suppose P, P,, P, and R, R,, R, are as in Example 2. Let the firm has
330 units of R , 455 units of R, and 140 units of R, available with it and let the amount
of raw materials R , R, and R, required to manufacture each unit of the three products
is given by

R]R2R3
P[3 4 0
B=P,(7 9 3
P|5 12 7

How many units of each product is to be made so as to utilise the full available raw
material?

Solution Step 1 The situation is easily identifiable.

Step 2 Suppose the firm produces x units of P, y units of P, and z units of P.. Since
product P, requires 3 units of R , P, requires 7 units of R, and P, requires 5 units of R,
(observe matrlx B) and the total number of units, of R , available is 330, we have

3x + 7y + 5z =330 (for raw material R )
Similarly, we have
4x + 9y + 12z = 455 (for raw material R,)
and 3y + 7z = 140 (for raw material R,)
This system of equations can be expressed in matrix form as

(3 7 50O [B30C

%1 9 120H0= Hsst

3 7 HHEHH HAOE
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Step 3 Using elementary row operations, we obtain

a 0 00O [20C

0 1 05gd0= 35c
B 0 1HEH BSE

This gives x = 20, y = 35 and z = 5. Thus, the firm can produce 20 units of P , 35
units of P, and 5 units of P, to make full use of its available raw material.

Remark One may observe that if the manufacturer decides to manufacture according
to the available raw material and not according to the purchase orders of the two
clients F, and F, (as in Example 3), he/she is unable to meet these purchase orders as
F, demanded 6 units of P, where as the manufacturer can make only 5 units of P,.

Example 5 A manufacturer of medicines is preparing a production plan of medicines
M, and M,. There are sufficient raw materials available to make 20000 bottles of M,
and 40000 bottles of M., but there are only 45000 bottles into which either of the
medicines can be put. Further, it takes 3 hours to prepare enough material to fill 1000
bottles of M, it takes 1 hour to prepare enough material to fill 1000 bottles of M, and
there are 66 hours available for this operation. The profit is Rs 8 per bottle for M, and
Rs 7 per bottle for M,. How should the manufacturer schedule his/her production in
order to maximise profit?

Solution Step 1 To find the number of bottles of M, and M, in order to maximise the
profit under the given hypotheses.

Step 2 Let x be the number of bottles of type M, medicine and y be the number of
bottles of type M, medicine. Since profit is Rs 8 per bottle for M, and Rs 7 per bottle
for M,, therefore the objective function (which is to be maximised) is given by

2=7Z(x,y)=8x+ Ty
The objective function is to be maximised subject to the constraints (Refer Chapter
12 on Linear Programming)

Xx<20000 O
y<40000 E
Xx+y<45000 O
3x+y<66000" - (D
x=0,y=0 g
Step 3 The shaded region OPQRST is the feasible region for the constraints (1)

(Fig A.2.3). The co-ordinates of vertices O, P, Q, R, S and T are (0, 0), (20000, 0),
(20000, 6000), (10500, 34500), (5000, 40000) and (0, 40000), respectively.
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>
>
AO

=
Q

|
=

S (5,000, 40,000)

y=40,000

L .

(0, 40,000) T__ —R (10,500, 34,500)

. Q (20,000, 6,000)
X'« t t t t > X
(0)
v / % -
’ X
Y v «:. 2L «
P (20,000, 0) \ gy
- >4,
2 %
()
2
Fig A.2.3

Note that
ZatP(0,0)=0
Z at P (20000, 0) = 8 x 20000 = 160000
Z at Q (20000, 6000) =8 x 20000 + 7 x 6000 =202000
Z at R (10500, 34500) =8 x 10500 + 7 x 34500 = 325500
Z at S = (5000, 40000) =8 x 5000 + 7 x 40000 = 320000
Z at T= (0, 40000) =7 x 40000 = 280000

Now observe that the profit is maximum at x = 10500 and y = 34500 and the
maximum profit is ¥325500. Hence, the manufacturer should produce 10500 bottles of
M, medicine and 34500 bottles of M, medicine in order to get maximum profit of
3325500.

Example 6 Suppose a company plans to produce a new product that incur some costs
(fixed and variable) and let the company plans to sell the product at a fixed price.
Prepare a mathematical model to examine the profitability.

Solution Step 1 Situation is clearly identifiable.
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Step 2 Formulation: We are given that the costs are of two types: fixed and variable.
The fixed costs are independent of the number of units produced (e.g., rent and rates),
while the variable costs increase with the number of units produced (e.g., material).
Initially, we assume that the variable costs are directly proportional to the number of
units produced — this should simplify our model. The company earn a certain amount
of money by selling its products and wants to ensure that it is maximum. For convenience,
we assume that all units produced are sold immediately.

The mathematical model
Let x = number of units produced and sold
C = total cost of production (in rupees)
I = income from sales (in rupees)
P = profit (in rupees)
Our assumptions above state that C consists of two parts:
(1) fixed cost = a (in rupees),

(i) variable cost = b (rupees/unit produced).

Then C=a+ bx .. (1)
Also, income I depends on selling price s (rupees/unit)
Thus I=sx .. (2)
The profit P is then the difference between income and costs. So
P=1-C
=sx — (a + bx)
=(s—-b)x—a .. (3)

We now have a mathematical model of the relationships (1) to (3) between
the variables x, C, 1, P, a, b, s. These variables may be classified as:

independent by
dependent C,LLP
parameters a, b, s

The manufacturer, knowing x, a, b, s can determine P.

Step 3 From (3), we can observe that for the break even point (i.e., make neither profit

nor loss), he must have P =0, i.e., x:Lb units.
5—
Steps 4 and 5 In view of the break even point, one may conclude that if the company

o a . .
produces few units, i.e., less than x:—b units, then the company will suffer loss
g—
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. L a ) .
and if it produces large number of units, i.e., much more than P units, then it can
5—

make huge profit. Further, if the break even point proves to be unrealistic, then another
model could be tried or the assumptions regarding cash flow may be modified.

Remark From (3), we also have
av_
dx

s—b

This means that rate of change of P with respect to x depends on the quantity
s — b, which is the difference of selling price and the variable cost of each product.
Thus, in order to gain profit, this should be positive and to get large gains, we need to
produce large quantity of the product and at the same time try to reduce the variable
cost.

Example 7 Let a tank contains 1000 litres of brine which contains 250 g of salt per
litre. Brine containing 200 g of salt per litre flows into the tank at the rate of 25 litres per
minute and the mixture flows out at the same rate. Assume that the mixture is kept
uniform all the time by stirring. What would be the amount of salt in the tank at
any time ¢?

Solution Step 1 The situation is easily identifiable.

Step 2 Let y = y (¢) denote the amount of salt (in kg) in the tank at time # (in minutes)
after the inflow, outflow starts. Further assume that y is a differentiable function.

When ¢ = 0, i.e., before the inflow—outflow of the brine starts,
=250 g x 1000 =250 kg
Note that the change in y occurs due to the inflow, outflow of the mixture.

Now the inflow of brine brings salt into the tank at the rate of 5 kg per minute
(as 25 x 200 g = 5 kg) and the outflow of brine takes salt out of the tank at the rate of

oy oy Y

25 -7 . . . .
%E 0 kg per minute (as at time ¢, the salt in the tank is 1000 kg).
Thus, the rate of change of salt with respect to ¢ is given by
dy y
- =5-= ?
dt 40 (Why?)
dy 1
iy = . (1
or i 407 m

Reprint 2024-25



206 MATHEMATICS

This gives a mathematical model for the given problem.
Step 3 Equation (1) is a linear equation and can be easily solved. The solution of (1) is
given by

t

t t
ye® =200e% +C ory (1)=200+C e * .. (2)
where, ¢ is the constant of integration.
Note that when ¢ = 0, y = 250. Therefore, 250 =200 + C

or C=50
Then (2) reduces to

3=200+50 e © .. (3)

y—200 —%

—— =e
or 0
or e® - 20

y—=200
U 50 0O

Therefore t= 40log, y—ZOOE .. (4)

Here, the equation (4) gives the time ¢ at which the salt in tank is y kg.

t

Step 4 Since e * is always positive, from (3), we conclude that y > 200 at all times
Thus, the minimum amount of salt content in the tank is 200 kg.
Also, from (4), we conclude that > 0 if and only if 0 <y —200 <50 i.e., if and only

if 200 <y <250 i.e., the amount of salt content in the tank after the start of inflow and
outflow of the brine is between 200 kg and 250 kg.

Limitations of Mathematical Modelling

Till today many mathematical models have been developed and applied successfully
to understand and get an insight into thousands of situations. Some of the subjects like
mathematical physics, mathematical economics, operations research, bio-mathematics
etc. are almost synonymous with mathematical modelling.

But there are still a large number of situations which are yet to be modelled. The
reason behind this is that either the situation are found to be very complex or the
mathematical models formed are mathematically intractable.
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The development of the powerful computers and super computers has enabled us
to mathematically model a large number of situations (even complex situations). Due
to these fast and advanced computers, it has been possible to prepare more realistic
models which can obtain better agreements with observations.

However, we do not have good guidelines for choosing various parameters / variables
and also for estimating the values of these parameters / variables used in a mathematical
model. Infact, we can prepare reasonably accurate models to fit any data by choosing
five or six parameters / variables. We require a minimal number of parameters / variables
to be able to estimate them accurately.

Mathematical modelling of large or complex situations has its own special problems.
These type of situations usually occur in the study of world models of environment,
oceanography, pollution control etc. Mathematical modellers from all disciplines —
mathematics, computer science, physics, engineering, social sciences, etc., are involved
in meeting these challenges with courage.

— % —
L
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(ANSWERS)

|[EXERCISE 1.1

1. (i) Neither reflexive nor symmetric nor transitive.

(i) Neither reflexive nor symmetric but transitive.

(i) Reflexive and transitive but not symmetric.

(iv) Reflexive, symmetric and transitive.

(v) (a) Reflexive, symmetric and transitive.
(b) Reflexive, symmetric and transitive.
(c) Neither reflexive nor symmetric nor transitive.
(d) Neither reflexive nor symmetric but transitive.
(e) Neither reflexive nor symmetric nor transitive.

3. Neither reflexive nor symmetric nor transitive.

5. Neither reflexive nor symmetric nor transitive.

9. (1){1,5,9}, (ii) {1} 12. T, is related to T..
13. The set of all triangles 14. Thesetofalllinesy=2x+c¢,ceR
15. B 16. C
|EXERCISE 1.2|
1. No
2. (i) Injective butnot surjective (i) Neither injective nor surjective

(iii) Neither injective nor surjective (iv) Injective but not surjective
(v) Injective but not surjective
7. (i) One-one and onto (i) Neither one-one nor onto.
No 10. Yes 11. D 12. A

Miscellaneous Exercise on Chapter 1

3. No 4. n! 5. Yes 6. A 7. B
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EXERCISE 2.1
- , I 30 I 4. =T
6 6 6 3
2m . T . g I
3 ’ 4 6 6
o 0. — i, =2 . =
4 4 4 3
B 14. B
EXERCISE 2.2
—tan "' x 4 X 5 T
‘5 2
sin”' = 7. 3tan 'S 8. I
a a 4
x+y TC
1—xy 10. 3
s 2 13. B 14. D
2 N / .
B
Miscellaneous Exercise on Chapter 2
z 2. = 1. x=nr+Z nez 12.x=—=
6 "% . X=nw Z,ne . \/g
D 14. C
|EXERCISE 3.1|
. N 5
1 3x4 @1 12 (i) 19,35,-5, 12, 5
1%x24,2x12,3x8,4x6,6x4,8x3,12x2,24x1;1x13,13x 1
1x18,2%9,3x6,6x3,9%x2,18%x1;1x5,5x%x1
oL 10 9 250
. 2L .. S0 -
. @) % C (ii) % 27 (iii) % 2 ¢
L
— 8 10 18
B E -
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4L iE

2 2L o
1", °C 10 -1 -20

5. () [EZEIE(H)%,Z 1 0F
T, "L B4 3 2F
4 — 3 =L
g8 2 2C

6. 1) x=1, y=4, z=3
(@) x=4, y=2, z=0 or x=2, y=4,z=0
(i) x=2, y=4, z=3

7. a=1,b=2,c=3,d=4

8. C 9. B 10. D

|EXERCISE 3.2

B 7C 1 10
1. () A+B:B_ 7E (i) A—B=§ —3H

B 7C |6 26 _ @1 100
(i) 3A—C—E 2E (iv) AB—[_1 19} (v) BA_Hl ZH

. [Ra 2b[ . Qa+b)*> (b+c)?O
2. (1) H H (i1) ) )
0 2a Ha-c)* (a-b)°d
11 11 orC ) 1
Gip 46 5 215 (v q iF
B 10 9E
N D B =R
37 o gzeprp @ 468 @ g 13 9
6 9 12
04 0 420 oL 2 30
C 0 0 14 -6C
(iv) 48 -1 s6p v o 4% i) 0 5L
22 -2 70E B2 2 OF
@ 1 -1 1 -2 oC
_ Op_~_0O, _4 oC
, A+B=® 2 70B-C=4 -1 3¢
B -1 40 B 2 OF
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11.

15.

19

20.

10.

S O O
S o O
S O O

5 00

-1
-1

2 0C

O X BT

x=3,y=-4 12.
ol -1 -30
O, _4 _10C
ol 1 195 47
B5 4 48
- (a) 15000, 15000
220160 21.
1 C
i = A
() %’ 2 F
{-4 5
9.
1 6
. A_‘3 31,10
O R o )
6 -2
i A=[-2 3
2 -1

i <

} 9. x=3,y=3

I;ll:ll:ll:l

2
5

1

1

Inl
&
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-12 02
-0 O
Sgvy=rP
30 O34

] s

211

10. x=3,y=6,z2=9,t=6

x=2,y=4,w=3,z=1

A

(b) %5000, T25000
22.

|EXERCISE 3.3|

01 2C

H1 3t
0 0000
00
0 ODDa
0 0F Bb
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D3 1 =50 DO 5 3C
0 2 o0 0 2 ol
Dl 0 EI5 C
0= 0, I L
L ATE 2 gty O 3 1 21 [0 3
(iii) DS 0 D3 C (iv) A= ) + 30
0° » o0 0O°2 _3 ¢oC
B2 g B2 E
11. A 12. B
EXERCISE 3.4
1. D
Miscellaneous Exercise on Chapter 3
3 x:+L y:+L Z=+L
27 e B
4. x=-1 6. x=%43
7. (a) Total revenue in the market - I =346000

Total revenue in the market - II =3 53000
(b) 15000, 17000

8. X=§ _OZE 9. C 10. B 11. C
[EXERCISE 4.1|

1. () 18 2. () 1, (i) ¥-x2+2

5. () —12, (i) 46, (i) 0, (iv) 5 6. 0

7. () x=zx+/3, (i) x=2 8. (B)

IEXERCISE 4.2|

5%

15 4T
. () R (i1) o (i) 15
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(i) 0,8, (ii) 0,8 4. (i) y=2x, (i) x—3y=0 5. (D)

EXERCISE 4.3

S () M, =3,M,=0, M,=—4,M,=2,A =3,A =0,A =4A =2

22

() M, =d,M,=b, M, =¢, M, =a

22

A= d, A12=—b, A, =—c, A,=a

() M, =1,M,=0,M,=0, M, =0,M,=1,M,,=0,M, =0,M,=0,M,_=1,

A=1LA=0, A =0,A,=0,A=1,A,=0, A,=0, A~0, A1
() M,=11,M,=6, M =3,M,=-4M,=2,M =1, M,=-20,M,=-13,M, =5

AL A =—6A =3 A =4 A =2 A=1A=20,A-13A=5
7 4. x-py)(y-2)(z-x) 5. (D)
IEXERCISE 4.4
31 -11
o 5. =125 -1 R
-3 1 ’ C14|-4 2
6 2 5
) s | 10 =10 2 1—3 0 0
1 7. —|0 5 -4| g — 3 -1 0
133 -1 10 3
0o 0 2 -9 -2 3
-1 5 3 -2 0 1 1 0 0
_?1 -4 23 12| 10. 9 2 3 11. 0 cosa sino
1 -11 -6 6 1 2 0 sinot —coso
_ -3 4
1AM A1193 154
=N 14. a=—-4,b=1 15. = -1 -
- 5 -3 -1
31 -1
! 1 3 1
4 17. B 18. B
-1 1 3
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EXERCISE 4.5

Consistent 2. Consistent 3. Inconsistent
4. Consistent 5. Inconsistent 6. Consistent
P ATSYET ' TR ' TRRART
10 =—1,y=4 11 =1 _l Z__—3
. X =1L, y= . Xx=1, y 2, 2
12. x=2,y=-1,z=1 13. x=1y=2,z=-1

14. x=2,y=1,z=3

0o 1 -2
-2 9 23
-1 5 -13

15. ,x=1,y=2,z=3

16. cost of onions perkg=% 5
cost of wheat per kg =3 8
costofriceperkg =% 8

Miscellaneous Exercise on Chapter 4

9 -3 5
2.1 3 2 1

1 0 2
5. =2 +%) 6. xy 7. x=2,y=3,z=5

A 9. D
|[EXERCISE 5.1

2. fis continuous at x =3
3. (a), (b), (c) and (d) are all continuous functions
5. fis continuous at x = 0 and x = 2; Not continuous at x = 1
6. Discontinuous at x =2 7. Discontinuous at x =3
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12.
14.
15.
16.

18.

20.
22.

23.
24.

26.

29.
34.

ANSWERS 215

Discontinuous at x =0 9. No point of discontinuity
No point of discontinuity 11. No point of discontinuity
/s discontinuous at x = 1 13. fisnot continuous atx =1

f1is not continuous at x = 1 and x =3
x =1 1is the only point of discontinuity

Continuous 17. a=b+ E

For no value of &, fis continuous at x = 0 but f'is continuous at x = 1 for any
value of A.

f'is continuous at x = 1t 21. (a), (b) and (¢) are all continuous
Cosine function is continuous for all x € R; cosecant is continuous except for

. . Tt
x =nm, n € Z; secant is continuous except for x = (2n +1)5, n € Z and

cotangent function is continuous except for x =nm, n € Z
There is no point of discontinuity.

Yes, f'is continuous for all x € R 25. fis continuous for all x € R
3 -2
k=6 27. k== 28. k=—
4 b8
9
k=§ 30. a=2,b=1

There is no point of discontinuity.

| EXERCISE5.2 |

2x cos(x? + 5) 2. —cosxsin(sinx) 3. a cos(ax + b)

sec(tan J;) .tan (tan Jx ).sec? Jx
2Vx

a cos(ax + b) sec(cx + d) + ¢ sin(ax + b) tan(cx + d) sec(cx + d)

10x* sinx® cosx® cosx® — 3x? sinx?® sin?x’

_2\/5 X 8. — sin \/;
sin x> 4/sin 2x? ) 2\/;
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11.

15.
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EXERCISE 5.3
cosx —2 5 2 _ a
3 " cosy-3 2by+siny
sec’ x—y 5 _Qx+y) _ (3x* +2xy+)%)
x+2y-1 T (x+2y) (x% +2xp+3y7%)
ysinxy g sin2x 0 2
sin2y —xsinxy sin2y o1+ x?
2 2. — 3. —
1+ x? B B
2
1-x*
| EXERCISE 5.4
—ex (sin x ~cosx) x#nn,ne€ L 2 7 xU(—1L1)
sin® x ’ ’ . m , ,
s e *cos(tan'e "
3x’e" - ( )

,x>0
4 xe‘/;

(xsinx-logx+cosx)

, x>0

x(logx)?

1 + e—2x

x>1

xlogx’

. —e'tane’, " £(2n+1) g,n ON 6. e +2x° +3x%" +4x’e” +5x'e”

1 .
— —+¢" sin(logx+e*),x>0
X

I[EXERCISE 5.5 |

— cos x cos 2x cos 3x [tan x + 2 tan 2x + 3 tan 3x]

(x=-D(x-2)

01

1 1LC

1
E\/ (x = 3)(x - 4)(x —5)
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10.

11.

12.

14.
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17.
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SX

(log x)COSX[ CO
xlog x

—sinx log(log x)}

. x* (1 +1log x)— 25"~ cos x log 2

(x +3) (x + 4) (x + 5)° (9% + 70x + 133)

1Y x*-1 1 1 x+1-logx
(H—J [ > +10g(x+—)}+x x(—zj
x) | x*+1 X x

(log x)=' [1 + log x . log (log x)] + 2x "= logx

1 1
(sin x)* (x cot x + log sin x) + =
2 Jx—x*

| sinx . . )
X sinx {—+cosx logx} + (sin x)*** [cos x cot x — sin x log sin x]
X

4x

X% [cos x . 1+10 X —xsinxlo X|— —F——=
*i [xcotx+1-log(xsinx)C

(x cos x)* [1 —x tan x + log (x cos x)] + (x sin x) H 2

x4y logy 13, 2[y=xlogy
x” logx+xy ! ~ x| x—ylogx
ytanx+logcosy y(x-1)

xtan y+logcos x Cx(y+1)

3
(1+x)(1+x2)(1+x4)(1+x8){ L, 2 | 40 8 };f’(1)=120

l+x 1+x% 1+x* 1+x°
S5x* —20x3 + 45x* — 52x + 11

|[EXERCISE 5.6
1
r 2. — 3. —4sint 4. _t_2
cos6—2cos20 0
Sein26-sing O _COtE 7. —cot 3t 8. tant
écosecﬁ 10. tan 6

a
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12.

11.

12.

MATHEMATICS
| EXERCISE 5.7 |
2 2. 380 x' 3. —xcosx—2sinx
1
2 5. x(5+6logx) 6. 2e"(5cos 5x— 12 sin 5x)
2x
9 ¥ (3 cos 3x — 4 sin 3x) 8. _m

_(I+logx) 0. - sin (log x) + cos (log x)
(x logx)? ) x’
— cot y cosec? y

Miscellaneous Exercise on Chapter 5

27 3x* —9x + 58 2x — 3) 2. 3sinx cosx (sinx — 2 cos*x)

(5x) 3082 [M — 6sin2x log Sx}
X

9 X
E X . 1 . COoS 5
2V1-4° Y\ Ja e 2
X 4—x 2x+7 (2x+7)

1

> g < HX>1

(a sin x — b cos x) sin (a cos x + b sin x)

(sinx — cosx)si"*~<s* (cosx + sinx) (1 + log (sinx — cos x)), sinx > cosx

. x(1+1logx)+ax*'+a loga

2 2 0 : O x? C
x* ‘3%(;3+2xlong+(x—3)X BX—+2ong(x—3)[
0 X O [K—3 C
3
Schwt 13. 0 17. L o<r<t
5 2 at 2
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|[EXERCISE 6.1
1. (a) 6m cm*cm (b) 8n cm?cm
8
2. g cm?/s 3. 60m cm?/s 4. 900 cm?/s
5. 801 cm?/s 6. 1.47w cm/s
7. (a) —2cm/min (b) 2cm*min
1 8
8. ; cm/s 9. 4007 cm’/cm 10. 5 cm/s
=31
11. (4,11) and (—4,Tj 12. 2m cm’/s
27 1
13. —nx+1)* 14, — cm/s 15. %20.967
8 481
16. %208 17. B 18. D
|[EXERCISE 6.2 |

3 3
4. (a) (Z’wj (b) (—oo,zj

5. (@) (—wo,—2)and (3,0) (b) (-2,3)

6. (a) decreasing for x <— 1 and increasing for x > — 1

3 3
(b) decreasing for x > ) and increasing for X < B

(c) increasing for — 2 < x < —1 and decreasing for x < — 2 and
x>—1
. . 9 :

(d) increasing for x < 5 and decreasing for x > 5

(e) increasing in (1, 3) and (3, ), decreasing in (— o, —1) and (— 1, 1).
8. 0<x<landx>2 12. A,B
13. D 14. a>-2 19. D
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|[EXERCISE 6.3

1. (i) Minimum Value =3 (i) Minimum Value =-2

(i) Maximum Value=10 (iv) Neither minimum nor maximum value
2. (i) Minimum Value =— 1; No maximum value

(i) Maximum Value = 3; No minimum value

(i) Minimum Value =4; Maximum Value = 6

(iv) Minimum Value = 2; Maximum Value =4

(v) Neither minimum nor Maximum Value
3. (i) local minimum atx=0, local minimum value =0

(i) local minimumatx=1, local minimum value =—2

local maximum at x =—1, local maximum value =2

T
(i) local maximum at X = 7 local maximum value = /2

T
(iv) local maximum at X = Vi local maximum value = /2

T

local minimum at x = 7 local minimum value =— /2
(v) local maximumatx=1, local maximum value=19
local minimum at x =3, local minimum value =15
(vi) local minimum atx =2, local minimum value =2
(vil) local maximumatx=0, local maximum value= —

2

. 2 . 243
(viii) local maximum at x = 3 local maximum value = T\f
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10.
11.
12.
13.
17.

21.

22.

. 3n T
. (1) 0<x< —and7<x<2n (i) E<x<_
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. (i) Absolute minimum value=-18, absolute maximum value =8

(i) Absolute minimum value=—1, absolute maximum value= ,/p

(iii) Absolute minimum value =— 10, absolute maximum value =8

(iv) Absolute minimum value=19, absolute maximum value =3

Maximum profit= 113 unit.

Minima at x =2, minimum value =— 39, Maxima at x = 0, maximum value = 25.

T 5wt
At x= 7 and 2 9. Maximum value = ./

Maximum at x = 3, maximum value 89; maximum at x =—2, maximum value = 139
a=120

Maximum at x = 27, maximum value = 27t; Minimum at x = 0, minimum value =0
12,12 14. 45,15 15. 25,10 16. 8,8

3 cm 18. x=5cm

1

1
radius = (2)3 cm and height = 2 (5—0)3 cm

T TT
112 28T
cm, cm 27. A 28. D 29. C
T+4 +4

Miscellaneous Exercise on Chapter 6

b3 cm¥s

a
a

2 2

. () x<-landx>1 (i) —1<x<1

— ... —
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Tfab 6. Rs 1000

0
8. length = ia M breadth = w2l

2
10. (i) local maximaat x = = (i) local minima atx =2

(i) point of inflection at x =—1
5
11. Absolute maximum = 1 Absolute minimum = 1

14 4nR° 16. A

—_— % —
%°
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( SUPPLEMENTARY MATERIAL )

CHAPTER 5

Theorem 5 (To be on page 129 under the heading Theorem 5)

(i) Derivative of Exponential Function f (x) = e*.
If f(x) = ¢, then

o S AY) = £(0)

' _
f(x) Ax—0 Ax
X+Ax ex
= lim
Ax—> 0 AXx
Ax
. e —1
= e’ - lim

Ax— 0 A x

= e* -1 [since lhirr%)e —=1]

d X X
Thus, E(e )=e".

(i) Derivative of logarithmic function f{x) = log x.

If fix)y = logx, then
_ . log, (x+ Ax)-1log, x
e = i, "
log, (1 + Ax)
= lim al
Ax— 0 AXx
! log, (1 + Ax]
= Alylcr—{lo; Ax
X
1 log (1+ h)
= — [since lim —=¢——> =1
X h— 0 h
d 1
Thus, ——log,x = —.
dx X
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Foreword

The National Curriculum Framework 2005, recommends that children’s life at school
must be linked to their life outside the school. This principle marks a departure from
the legacy of bookish learning which continues to shape our system and causes a gap
between the school, home and community. The syllabi and textbooks developed on
the basis of NCF signify an attempt to implement this basic idea. They also attempt to
discourage rote learning and the maintenance of sharp boundaries between different
subject areas. We hope these measures will take us significantly further in the direction
of a child-centred system of education outlined in the National Policy on Education
(1986).

The success of this effort depends on the steps that school principals and teachers
will take to encourage children to reflect on their own learning and to pursue imaginative
activities and questions. We must recognise that, given space, time and freedom,
children generate new knowledge by engaging with the information passed on to them
by adults. Treating the prescribed textbook as the sole basis of examination is one of
the key reasons why other resources and sites of learning are ignored. Inculcating
creativity and initiative is possible if we perceive and treat children as participants in
learning, not as receivers of a fixed body of knowledge.

These aims imply considerable change in school routines and mode of functioning.
Flexibility in the daily time-table is as necessary as rigour in implementing the annual
calendar so that the required number of teaching days are actually devoted to teaching.
The methods used for teaching and evaluation will also determine how effective this
textbook proves for making children’s life at school a happy experience, rather than a
source of stress or boredom. Syllabus designers have tried to address the problem of
curricular burden by restructuring and reorienting knowledge at different stages with
greater consideration for child psychology and the time available for teaching. The
textbook attempts to enhance this endeavour by giving higher priority and space to
opportunities for contemplation and wondering, discussion in small groups, and
activities requiring hands-on experience.
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NCERT appreciates the hard work done by the textbook development committee
responsible for this book. We wish to thank the Chairperson of the advisory group in
Science and Mathematics, Professor J.V. Narlikar and the Chief Advisor for this book,
Professor P.K. Jain for guiding the work of this committee. Several teachers contributed
to the development of this textbook; we are grateful to their principals for making this
possible. We are indebted to the institutions and organisations which have generously
permitted us to draw upon their resources, material and personnel. As an organisation
committed to systemic reform and continuous improvement in the quality of its
products, NCERT welcomes comments and suggestions which will enable us to
undertake further revision and refinement.

Director
New Delhi National Council of Educational
20 December 2005 Research and Training
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Rationalisation of Content in the Textbook

In view of the COVID-19 pandemic, it is imperative to reduce content load on
students. The National Education Policy 2020, also emphasises reducing the content
load and providing opportunities for experiential learning with creative mindset.
In this background, the NCERT has undertaken the exercise to rationalise the
textbooks across all classes. Learning Outcomes already developed by the NCERT
across classes have been taken into consideration in this exercise.

Contents of the textbooks have been rationalised in view of the following:

e Overlapping with similar content included in other subject areas in the same
class

*  Similar content included in the lower or higher class in the same subject

*  Difficulty level

*  Content, which is easily accessible to students without much interventions
from teachers and can be learned by children through self-learning or peer-
learning

*  Content, which is irrelevant in the present context

This present edition, is a reformatted version after carrying out the changes
given above.
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Preface

The National Council of Educational Research and Training (NCERT) had constituted
21 Focus Groups on Teaching of various subjects related to School Education, to
review the National Curriculum Framework for School Education - 2000 (NCFSE -
2000) in face of new emerging challenges and transformations occurring in the fields
of content and pedagogy under the contexts of National and International spectrum of
school education. These Focus Groups made general and specific comments in their
respective areas. Consequently, based on these reports of Focus Groups, National
Curriculum Framework (NCF)-2005 was developed.

NCERT designed the new syllabi and constituted Textbook Development Teams
for Classes XI and XII to prepare textbooks in mathematics under the new guidelines
and new syllabi. The textbook for Class XI is already in use, which was brought in
2005.

The first draft of the present book (Class XII) was prepared by the team consisting
of NCERT faculty, experts and practicing teachers. The draft was refined by the
development team in different meetings. This draft of the book was exposed to a
group of practicing teachers teaching mathematics at higher secondary stage in different
parts of the country, in a review workshop organised by the NCERT at Delhi. The
teachers made useful comments and suggestions which were incorporated in the draft
textbook. The draft textbook was finalised by an editorial board constituted out of the
development team. Finally, the Advisory Group in Science and Mathematics and the
Monitoring Committee constituted by the HRD Ministry, Government of India have
approved the draft of the textbook.

In the fitness of things, let us cite some of the essential features dominating the
textbook. These characteristics have reflections in almost all the chapters. The existing
textbook contain 13 main chapters and two appendices. Each Chapter contain the
followings:

= Introduction: Highlighting the importance of the topic; connection with earlier
studied topics; brief mention about the new concepts to be discussed in the
chapter.

= QOrganisation of chapter into sections comprising one or more concepts/sub
concepts.

= Motivating and introducing the concepts/sub concepts. [llustrations have been
provided wherever possible.
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= Proofs/problem solving involving deductive or inductive reasoning, multiplicity
of approaches wherever possible have been inducted.

= Geometric viewing / visualisation of concepts have been emphasised whenever
needed.

= Applications of mathematical concepts have also been integrated with allied
subjects like science and social sciences.

= Adequate and variety of examples/exercises have been given in each section.

= Forrefocusing and strengthening the understanding and skill of problem solving
and applicabilities, miscellaneous types of examples/exercises have been
provided involving two or more sub concepts at a time at the end of the chapter.
The scope of challenging problems to talented minority have been reflected
conducive to the recommendation as reflected in NCF-2005.

= For more motivational purpose, brief historical background of topics have been
provided at the end of the chapter and at the beginning of each chapter relevant
quotation and photograph of eminent mathematician who have contributed
significantly in the development of the topic undertaken, are also provided.

= Lastly, for direct recapitulation of main concepts, formulas and results, brief
summary of the chapter has also been provided.

I am thankful to Professor Krishan Kumar, Director, NCERT who constituted the
team and invited me to join this national endeavor for the improvement of mathematics
education. He has provided us with an enlightened perspective and a very conducive
environment. This made the task of preparing the book much more enjoyable and
rewarding. | express my gratitude to Professor J.V. Narlikar, Chairperson of the
Advisory Group in Science and Mathematics, for his specific suggestions and advice
towards the improvement of the book from time to time. I, also, thank Prof. G. Ravindra,
Joint Director, NCERT for his help from time to time.

I express my sincere thanks to Professor Hukum Singh, Chief Coordinator and
Head DESM, Dr. V. P. Singh, Coordinator and Professor S. K. Singh Gautam who
have been helping for the success of this project academically as well as
administratively. Also, I would like to place on records my appreciation and thanks to
all the members of the team and the teachers who have been associated with this
noble cause in one or the other form.

Pawan K. JaIN
Chief Advisor
Textbook Development Committee

Reprint 2024-25



Textbook Development Committee

CHAIRPERSON, ADVISORY GROUP IN SCIENCE AND MATHEMATICS

J.V. Narlikar, Emeritus Professor, Inter-University Centre for Astronomy and
Astrophysics (IUCAA), Ganeshkhind, Pune University, Pune

CHIEF ADVISOR
P.K. Jain, Professor, Department of Mathematics, University of Delhi, Delhi

CHIEF COORDINATOR
Hukum Singh, Professor and Head, DESM, NCERT, New Delhi

MEMBERS

Arun Pal Singh, Sr. Lecturer, Department of Mathematics, Dayal Singh College,
University of Delhi, Delhi

A K. Rajput, Reader, RIE, Bhopal, M.P.

B.S.P. Raju, Professor, RIE Mysore, Karnataka

C.R. Pradeep, Assistant Professor, Department of Mathematics, Indian Institute of
Science, Bangalore, Karnataka

D.R. Sharma, P.G.T., INV-Mungeshpur, Delhi

Ram Avtar, Professor (Retd.) and Consultant, DESM, NCERT, New Delhi

R.P. Maurya, Reader, DESM, NCERT, New Delhi

S.S. Khare, Pro-Vice-Chancellor, NEHU, Tura Campus, Meghalaya

S.K.S. Gautam, Professor, DESM, NCERT, New Delhi

S.K. Kaushik, Reader, Department of Mathematics, Kirori Mal College, University
of Delhi, Delhi

Sangeeta Arora, PG T., Apeejay School Saket, New Delhi-110017

Shailja Tewari, P.G.T., Kendriya Vidyalaya, Barkakana, Hazaribagh, Jharkhand
Vinayak Bujade, Lecturer, Vidarbha Buniyadi Junior College, Sakkardara Chowk,
Nagpur, Maharashtra

Sunil Bajaj, Sr. Specialist, SCERT, Gurgaon, Haryana

MEMBER — COORDINATOR
V.P. Singh, Reader, DESM, NCERT, New Delhi

Reprint 2024-25



Acknowledgements

The Council gratefully acknowledges the valuable contributions of the following
participants of the Textbook Review Workshop: Jagdish Saran, Professor, Deptt. of
Statistics, University of Delhi; Quddus Khan, Lecturer, Shibli National P.G. College
Azamgarh (U.P.); P.K. Tewari, Assistant Commissioner (Retd.), Kendriya Vidyalaya
Sangathan; S.B. Tripathi, Lecturer, R.P.V.V. Surajmal Vihar, Delhi; O.N. Singh, Reader,
RIE, Bhubaneswar, Orissa; Miss Saroj, Lecturer, Govt. Girls Senior Secondary School
No.1, Roop Nagar, Delhi; P. Bhaskar Kumar, PGT, Jawahar Navodaya Vidyalaya,
Lepakshi, Anantapur, (A.P.); Mrs. S. Kalpagam, PGT, K.V. NAL Campus, Bangalore;
Rahul Sofat, Lecturer, Air Force Golden Jubilee Institute, Subroto Park, New Delhi;
Vandita Kalra, Lecturer, Sarvodaya Kanya Vidyalaya, Vikaspuri, District Centre,
New Delhi; Janardan Tripathi, Lecturer, Govt. R.H.S.S. Aizawl, Mizoram and
Ms. Sushma Jaireth, Reader, DWS, NCERT, New Delhi.

The Council acknowledges the efforts of Deepak Kapoor, Incharge, Computer
Station, Sajjad Haider Ansari, Rakesh Kumar and Nargis Islam, D.T.P. Operators,
Monika Saxena,Copy Editor and Abhimanu Mohanty, Proof Reader.

The Contribution of APC-Office, administration of DESM and Publication
Department is also duly acknowledged.

Reprint 2024-25



Contents

ParT I
Foreword
Rationalisation of Content in the Textbook
Preface
Relations and Functions
1.1  Introduction
1.2 Types of Relations
1.3 Types of Functions
1.4 Composition of Functions and Invertible Function
Inverse Trigonometric Functions
2.1  Introduction
2.2 Basic Concepts
2.3 Properties of Inverse Trigonometric Functions
Matrices
3.1 Introduction
3.2  Matrix
3.3 Types of Matrices
3.4 Operations on Matrices
3.5 Transpose of a Matrix
3.6 Symmetric and Skew Symmetric Matrices
3.7 Invertible Matrices
Determinants
4.1 Introduction
4.2  Determinant
43  Area of a Triangle

4.4
45
46

Minors and Cofactors
Adjoint and Inverse of a Matrix
Applications of Determinants and Matrices

Reprint 2024-25

i

Vil

O — =

18
18
18
27

34
34
34
39
43
61
63
68

76
76
76
82
84
&7
93



Continuity and Differentiability

5.1  Introduction

5.2 Continuity

5.3 Differentiability

5.4  Exponential and Logarithmic Functions

5.5 Logarithmic Differentiation

5.6  Derivatives of Functions in Parametric Forms
5.7 Second Order Derivative

Application of Derivatives

6.1 Introduction

6.2 Rate of Change of Quantities

6.3 Increasing and Decreasing Functions
6.4 Maxima and Minima

Appendix 1: Proofs in Mathematics
A.1.1 Introduction
A.1.2 What is a Proof?

Appendix 2: Mathematical Modelling
A.2.1 Introduction

A.2.2 Why Mathematical Modelling?

A.2.3 Principles of Mathematical Modelling

Answers

Supplementary Material

Reprint 2024-25

104
104
104
118
125
130
134
137

147
147
147
152
159

187
187
187

196
196
196
197

208
222



Chapter 1

(RELATIONS AND FUNCTIONS )

s There is no permanent place in the world for ugly mathematics ... . It may
be very hard to define mathematical beauty but that is just as true of
beauty of any kind, we may not know quite what we mean by a
beautiful poem, but that does not prevent us from recognising
one when we read it. — G. H. HARDY %

1.1 Introduction

Recall that the notion of relations and functions, domain,
co-domain and range have been introduced in Class XI
along with different types of specific real valued functions
and their graphs. The concept of the term ‘relation’ in
mathematics has been drawn from the meaning of relation
in English language, according to which two objects or
quantities are related if there is a recognisable connection
or link between the two objects or quantities. Let A be
the set of students of Class XII of a school and B be the
set of students of Class XI of the same school. Then some
of the examples of relations from A to B are
(i) {(a, b) € A x B: ais brother of b}, Lejeune Dirichlet
(i) {(a, b) € A xB:aissister of b}, (1805-1859)
(i) {(a, b) € A x B: age of a is greater than age of b},
(iv) {(a, b) € A x B: total marks obtained by « in the final examination is less than
the total marks obtained by b in the final examination},
(v) {(a, b) € A x B: alives in the same locality as b}. However, abstracting from
this, we define mathematically a relation R from A to B as an arbitrary subset
of Ax B.
If (a, b) € R, we say that a is related to b under the relation R and we write as
a R b. In general, (a, b) € R, we do not bother whether there is a recognisable
connection or link between a and b. As seen in Class XI, functions are special kind of
relations.
In this chapter, we will study different types of relations and functions, composition
of functions, invertible functions and binary operations.
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2 MATHEMATICS

1.2 Types of Relations

In this section, we would like to study different types of relations. We know that a
relation in a set A is a subset of A x A. Thus, the empty set ¢ and A x A are two
extreme relations. For illustration, consider a relation R in the set A= {1, 2, 3,4} given by
R ={(a, b): a— b= 10}. This is the empty set, as no pair (a, b) satisfies the condition
a— b =10. Similarly, R" = {(a, b) : | a — b | 2 0} is the whole set A x A, as all pairs
(a, b) in A x A satisfy | a — b | 2 0. These two extreme examples lead us to the
following definitions.

Definition 1 A relation R in a set A is called empty relation, if no element oIN§ is
related to any element of A, i.e., R=¢ Cc A X A.

Definition 2 A relation R in a set A is called universal relation, if each el@of A

is related to every element of A, i.e., R=A X A,

Both the empty relation and the universal g€ation are soe lled trivial
relations.
Example 1 Let A be the set of all stude % sch X that the relation R
in A given by R = {(a, b) : a is sister o@ empty and R’ = {(a, b) : the

difference between heights of a aug than 3 1s the universal relation.

Solution Since the school is bo > N0 stud @ the school can be sister of any
student of the school. HenceY showin t s the empty relation. It is also
obvious that the difference betw®en heigh wo students of the school has to be
less than 3 meters. T, ws that R' = is the universal relation.

Remark In Class XI, ve seen t@ys of representing a relation, namely raster
method and set builder method® arelation R in the set {1, 2, 3,4} defined by R
= {(a, b) : b = a + 1 so expressed as a R b if and only if

b=a+ 1 by many autth may also use this notation, as and when convenient.
If (a, b) € R, we a
One of the r&imjportant relation, which plays a significant role in Mathematics,
is an equival tion. To study equivalence relation, we first consider three
types of relat@amely reflexive, symmetric and transitive.
Definiti relation R in a set A is called

is related to b and we denote it as a R b.

(1) reflexive, if (a, a) € R, for every a € A,
() symmetric, if (a,, a,) € R implies that (a,, a)) € R, forall a, a, € A.
(i) transitive, if (a,, a,) € R and (a,, a,) € R implies that (¢, a,) € R, for all a , a,,
a, € A.
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RELATIONS AND FUNCTIONS 3

Definition 4 A relation R in a set A is said to be an equivalence relation if R is
reflexive, symmetric and transitive.

Example 2 Let T be the set of all triangles in a plane with R a relation in T given by
R={(T,, T, : T, is congruent to T,}. Show that R is an equivalence relation.

Solution R is reflexive, since every triangle is congruent to itself. Further,
(T, T,) e R=T, is congruent to T, = T, is congruent to T, = (T,, T,) € R. Hence,
R is symmetric. Moreover, (T,, T,), (T,, T,) € R = T, is congruent to T, and T, is
congruent to T, = T is congruent to T, = (T, T,) € R. Therefore, R is an equivglence
relation.

Example 3 Let L be the set of all lines in a plane and R be the relation in L
R = {(L,, L) : L, is perpendicular to L }. Show that R is symmetrj

reflexive nor transitive. %
Solution R is not reflexive, as a line L, can no&pendlcqlai ,ie,(L,L)
—_— L3

¢ R. R is symmetric as (L, L)) € R
L,

= L, is perpendicular to q

= L, is perpendicula

= (L,L)eR < ) L
R is not transitive. Indecgm is perpend] L, and Fig 1.1

L, is perpendicular to L,, then Bycan never %ﬂ ular to

L,. In fact, L, is para L, ie., (L, L] ,(L,L)eRbut(L,L)¢R.

Example 4 Show th elation F@le set {1,2, 3} given by R = {(1, 1), (2, 2),

(3,3),(1,2),(2, 3)} is reflexi r symmetric nor transitive.

Solution R is reflexive, since ,2)and (3, 3) liein R. Also, R is not symmetric,

as(1,2) e Rbut(2,1) ¢ Grmlarly, R is not transitive, as (1,2) € Rand (2,3) € R

but (1, 3) ¢ R.

Example 5 Showa/tthe relation R in the set Z of integers given by

Q R = {(a, b) : 2 divides a — b}
elation.

is an equ?

Solution RNs reflexive, as 2 divides (¢ — a) for all @ € Z. Further, if (¢, b) € R, then
2 divides a — b. Therefore, 2 divides b — a. Hence, (b, a) € R, which shows that R is
symmetric. Similarly, if (a, b) € R and (b, ¢) € R, then a — b and b — ¢ are divisible by
2. Now, a —c = (a—b) + (b —c) is even (Why?). So, (a — ¢) is divisible by 2. This
shows that R is transitive. Thus, R is an equivalence relation in Z.
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4 MATHEMATICS

In Example 5, note that all even integers are related to zero, as (0, £ 2), (0, £ 4)
etc., lie in R and no odd integer is related to 0, as (0, = 1), (0, = 3) etc., do not lie in R.
Similarly, all odd integers are related to one and no even integer is related to one.
Therefore, the set E of all even integers and the set O of all odd integers are subsets of
Z. satisfying following conditions:

(i) All elements of E are related to each other and all elements of O are related to
each other.
(i) No element of E is related to any element of O and vice-versa.
(i) E and O are disjointand Z =E U O.

The subset E is called the equivalence class containing zero and is deno @
[0]. Similarly, O is the equivalence class containing 1 and is denoted by [1]@ at
[0] #[1],[0]=[2r] and [1] = [2r + 1], € Z. Infact, what we have s s true
for an arbitrary equivalence relation R in a se{gK. Given an arbj eqlivalence
relation R in an arbitrary set X, R divides X i&tually dis}d\ sets A, called

partitions or subdivisions of X satisfying: < z \
(1) all elements of A, are related to g#C r, for allQ
(i) no element of A, is related tg/fhy nt of A@
(iii) VA =X and A, NA = Q

The subsets A, are calle QY erce clas, nteresting part of the situation
exampl@er subdivision of the set Z given
n
3

is that we can go reverse also.
by three mutually dis'@ubsets ALA a whose union is Z with

A ={xe samult@?a} ={.,-6,-3,0,3,6, ...}
A ={xel:x— m leof3}={..,—5,-2,1,4,7, ...}
A,={xeZ:x-2is Itipleof 3} ={...,.—4,—-1,2,5,8, ...}

Define a relation R inen by R = {(a, b) : 3 divides a — b}. Following the
arguments similar to& d in Example 5, we can show that R is an equivalence
relation. Also, Aqgpincid® with the set of all integers in Z which are related to zero, A,
coincides with {idgjpof all integers which are related to 1 and A, coincides with the
set of all intd @ jn Z which are related to 2. Thus, A, = [0], A, = [1] and A, = [2].
In fact, A M A, =[3r+1]and A, = [3r + 2], forall € Z.

Example ®Let R be the relation defined in the set A = {1, 2, 3, 4, 5, 6, 7} by
R = {(a, b) : both a and b are either odd or even}. Show that R is an equivalence
relation. Further, show that all the elements of the subset {1, 3, 5, 7} are related to each
other and all the elements of the subset {2, 4, 6} are related to each other, but no
element of the subset {1, 3, 5, 7} is related to any element of the subset {2, 4, 6}.
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RELATIONS AND FUNCTIONS 5

Solution Given any element @ in A, both a and a must be either odd or even, so
that (a, a) € R. Further, (¢, b)) € R = both a and b must be either odd or even
= (b, a) € R. Similarly, (a, b) € R and (b, ¢) € R = all elements a, b, ¢, must be
either even or odd simultaneously = (a, ¢) € R. Hence, R is an equivalence relation.
Further, all the elements of {1, 3, 5, 7} are related to each other, as all the elements
of this subset are odd. Similarly, all the elements of the subset {2, 4, 6} are related to
each other, as all of them are even. Also, no element of the subset {1, 3, 5, 7} can be
related to any element of {2, 4, 6}, as elements of {1, 3, 5, 7} are odd, while elements
of {2, 4, 6} are even.

1.

|EXERCISE 1.1| b

Determine whether each of the following relations are reflexive, symRg#rj and

transitive: Q
(i) Relation R in the setA={1,2,3,. 14} defingd a@
= {0np): \
(i) Relation R in the set N of ngeu
:@ and x

b

ed as
= vg“ nte ger}
(v) Relation@ set A of hyman b&ngs in a town at a particular time given by
(a) R= : x and Rgfoyk at the same place}

(b) R={(x,y): ive in the same locality}
(¢) R={(x, ) x is Xactly 7 cm taller than y}

(d) R=¢(, is wife of y}

(e) R 2& : x is father of y}
Show thatfg relation R in the set R of real numbers, defined as
R = {(d @ a < b} is neither reflexive nor symmetric nor transitive.
Clyfc cther the relation R defined in the set {1, 2, 3,4, 5, 6} as
R= 3 b
Show that the relation R in Rdefined as R = {(a, b) : a < b}, is reflexive and
transitive but not symmetric.

Check whether the relation R in Rdefined by R = {(a, b) : a < b*} is reflexive,
symmetric or transitive.

a, b) : b = a+ 1} is reflexive, symmetric or transitive.
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10.

11.

12.

13.

14.

MATHEMATICS

Show that the relation R in the set {1, 2, 3} given by R = {(1, 2), (2, 1)} is
symmetric but neither reflexive nor transitive.

Show that the relation R in the set A of all the books in a library of a college,
given by R = {(x, ¥) : x and y have same number of pages} is an equivalence
relation.

Show that the relation R in the set A= {1, 2, 3, 4, 5} given by

R = {(a, b) : |a — b| is even}, is an equivalence relation. Show that all the
elements of {1, 3, 5} are related to each other and all the elements of {2, 4} are
related to each other. But no element of {1, 3, 5} is related to any element of }.

Show that each of the relation R inthe set A= {x € Z: 0 <x < 12}, g
(1) R={(a, b) : |a— b| is a multiple of 4} é

(i) R={(a, b):a=b CQQ

is an equivalence relation. Find the set o#faglements refte 1n each case.
Give an example of a relation. Whic% \\
(i) Symmetric but neither reflgKiygs it transitiv@
(i) Transitive but neither gflext r symmgtri
(iii) Reflexive and sym e@not tra :
(iv) Reflexive and trSaQybut not s “Q
(v) Symmetric and tran®tive but ﬁmive.
Show that t k Jtion R in_the s®t A of points in a plane given by
R={(P, Q) : divIBaf of the p rom the origin is same as the distance of the

point Q from the origin }\J valence relation. Further, show that the set of
all points related to a point 0, 0) is the circle passing through P with origin as

centre.

Show that the %IQ defined in the set A of all triangles as R = {(T, T,) : T,
is similar {o I}, IN#uivalence relation. Consider three right angle triangles T,
with sides™W4,5, T, with sides 5, 12, 13 and T, with sides 6, 8, 10. Which
triangld§ ayong T, T, and T, are related?

Sl@l he relation R defined in the set A of all polygons as R = {(P, P,) :
P, aMg P, have same number of sides}, is an equivalence relation. What is the
set of all elements in A related to the right angle triangle T with sides 3, 4 and 5?
Let L be the set of all lines in XY plane and R be the relation in L defined as
R={(L,,L):L, isparallel to L,}. Show that R is an equivalence relation. Find
the set of all lines related to the line y = 2x + 4.
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15. LetRbetherelationintheset {1,2,3,4} givenby R={(1,2),(2,2),(1,1),(4,4),
(1, 3), (3, 3), (3, 2)}. Choose the correct answer.

(A) Risreflexive and symmetric but not transitive.
(B) Risreflexive and transitive but not symmetric.
(C) Rissymmetric and transitive but not reflexive.
(D) R is an equivalence relation.
16. LetR be the relation in the set Ngiven by R = {(a, b) : a=b—2,b> 6}. Choose

the correct answer.
(A) 2,49)eR (B) 3,8«R (C) (6,8 R (D) (8,7) ¢ Ré

1.3 Types of Functions

function, polynomial function, rational function g#Qdulus functiqy, s nction etc.

along with their graphs have been given in S \\

Addition, subtraction, multiplicatioggmnNgviSYon of. yons have also been
studied. As the concept of function is rgount imgo in mathematics and
among other disciplines as well, wgfwoul(Nge to extegd ostudy about function from

where we finished earlier. In th tighl, we w 1R¥to study different types of
functions.

Consider the functions f,, /W, and f, i the following diagrams.
N

InFig 1.2, we ob at the images stinct elements of X under the function
/, are distinct, but thQ\wége of two gﬁ' ct elements 1 and 2 of X, under f, is same,
namely b. Further, there are sq g #fts like e and fin X, which are not images of
any element of X under f,, whilt m ements of X, are images of some elements of X
under f;. The above obse/@ls I€ad to the following definitions:

The notion of a function along with some special Kns like identity tiOW, constant

Definition 5 A funct Y is defined to be one-one (or injective), if the images
of distinct elements l(&}nder [ are distinct, i.e., for every x, x, € X, f(x)) = f(x,)
implies x, = x,. erwise, fis called many-one.

The func and f,in Fig 1.2 (i) and (iv) are one-one and the function £, and f;
in Fig 1.2 #(iii) are many-one.
DefinitiotNg A function /: X — Y is said to be onto (or surjective), if every element
of Y is the image of some element of X under £, i.e., for every y € Y, there exists an
element x in X such that f(x) = y.

The function f; and f,in Fig 1.2 (iii), (iv) are onto and the function f, in Fig 1.2 (i) is
not onto as elements e, f'in X are not the image of any element in X under .

Reprint 2024-25



8 MATHEMATICS

S J2

The function f'is one-one, for f(x,) = f(x,) = 2x, = 2x, = x, = x,. Further,
fis not onto, as for 1 € N, there does not exist any x in Nsuch that f(x) = 2x = 1.
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