Appendix 1

INFINITE SERIES

A.1.1 Introduction

As discussed in the Chapter 9 on Sequences and Series, a sequence a,, a,, ..., @, ...
having infinite number of terms is called infinite sequence and its indicated sum, i.e.,
a,ta,+*a,+..+a, +..is called an infinte series associated with infinite sequence.
This series can also be expressed in abbreviated form using the sigma notation, i.e.,

ata,ta+... ta +...=zak

n

In this Chapter, we shall study about some special types of series which may be
required in different problem situations.
A.1.2 Binomial Theorem for any Index

In Chapter 8, we discussed the Binomial Theorem in which the index was a positive
integer. In this Section, we state a more general form of the theorem in which the
index is not necessarily a whole number. It gives us a particular type of infinite series,
called Binomial Series. We illustrate few applications, by examples.

We know the formula

(I+x)y="C, +"C,x+... +"C, x"
Here, n is non-negative integer. Observe that if we replace index n by negative
integer or a fraction, then the combinations ”C, do not make any sense.

We now state (without proof), the Binomial Theorem, giving an infinite series in
which the index is negative or a fraction and not a whole number.

Theorem The formula

m(m—l)x2 N m(m—l)(m—2)x3 N
1.2 123

(l+x)m =1+mx+

holds whenever |x| <1.
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INFINITE SERIES 315

Remark 1. Note carefully the condition | x | < 1, i.e., — I<x <1 is necessary when m
is negative integer or a fraction. For example, if we takex = —2 andm = — 2, we
obtain

(1-2)~ =1+(—2)(—2)+M(—2)2 +

or I=1+4+12+...
This is not possible

2. Note that there are infinite number of terms in the expansion of (1+ x)”, when m
is a negative integer or a fraction

o) ()
a” {1 +m§+@ (g)z +]

m(m _1) a" b +
1.2

Consider (a+ b)m

a" +ma""'b+

This expansion is valid when P <1 or equivalently when | b | <| a]|.

The general term in the expansion of (a + b)" is

m(m —1)(m —2)...(m—r+1)a'”7’br
1.23..r

We give below certain particular cases of Binomial Theorem, when we assume

|x|<1, these are left to students as exercises:
(I+x) '=1l-x+x2-x+...
I-x)y'"=l+x+x*+x+...
(1+x)2=1-2x+3x% — 43+ ...

(1 —x)2=1+2x+3x*+4x° +. ..

Sl .

Example 1 Expand (1—%} ’ , when | x| <2.
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Solution We have

I+ — -
2 1 \2 1.2 2
x  3x7
= l+—+—+
4 32
A.1.3 Infinite Geometric Series
From Chapter 9, Section 9.5, a sequence a, a,, a,, ..., a,is called G.P,, if
Art1

W =T (constant) for k = 1, 2, 3, ..., n—1. Particularly, if we take a, = a, then the
3

resulting sequence a, ar, ar’, ..., ar"! is taken as the standard form of G.P., where a is
first term and », the common ratio of G.P.

Earlier, we have discussed the formula to find the sum of finite series
a+ar+ar*+ ..+ ar" "which is given by

a (1 -7 )
S, =——"<
1-r
In this section, we state the formula to find the sum of infinite geometric series

a+ar+ar*+..+a”" '+ .. and illustrate the same by examples.

Let us consider the G.P. 1,

b

[SSHE N}

4
o

2
Here a=1,r= 3 We have
) ey
Sn=—2=3{1—(ﬂ ] (1)
3

Let us study the behaviour of (g} as n becomes larger and larger.
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n 1 5 10 20
2 n
(EJ 0.6667 0.1316872428 0.01734152992 0.00030072866

n
We observe that as n becomes larger and larger, (Ej becomes closer and closer to

zero. Mathematically, we say that as n becomes sufficiently large, (g) becomes

sufficiently small. In other words, as 7 —> o0, (Ej — 0. Consequently, we find that

the sum of infinitely many terms is given by S = 3.
Thus, for infinite geometric progression a, ar, ar?, ..., if numerical value of common
ratio 7 is less than 1, then

G a(l—r”) v a _arn

n -7 1-r 1-r

ar”

In this case, ;» as n — oo since |r|<1 and then
r'—0 1

— 0. Therefore,
—-r

S, >

as n—>w.
1-r

Symbolically, sum to infinity of infinite geometric series is denoted by S. Thus,

we have s=_12
1-r
For example
1 1 1 1
(l) 1+5+?+?+ _1_—122
2
N AR
2 2 1—(—2j 1+—
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Example 2 Find the sum to infinity of the G.P. ;
-5 5 =5

4716 647

1
Solution Here a=— and r=—Z.Als0 |r|<1.

-5

Hence, the sum to infinity is = % =-1.
I+- =
4 4

A.1.4 Exponential Series
Leonhard Euler (1707 — 1783), the great Swiss mathematician introduced the number
e in his calculus text in 1748. The number e is useful in calculus as rin the study of the
circle.

Consider the following infinite series of numbers

1+l+i+l+i+... (1)
o2 31 4!

The sum of the series given in (1) is denoted by the number e

Let us estimate the value of the number e.

Since every term of the series (1) is positive, it is clear that its sum is also positive.

Consider the two sums

1 1 1 1

—t— et F— . - (2)

31 41 5! n!

1 1 1 1
and 7+ o 4 5 +ot e +... .. (3)
Observe that

1 1 1 1 1 1

§=g and? 4,whlchglves 3!<?

1 1 11 1 1

Z!ZQ and — PR which gives — A1 ?

11 11 11

—=——and

51”120 ? 16,whlchglves

51 %
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Therefore, by analogy, we can say that

1 1

7 F,Whenn>2

We observe that each term in (2) is less than the corresponding term in (3),

1 1 1 1 1 1 1 1

2!

( 1 1) (1 1 1 1 j

I+—+— |+ —F+—+—+. . +—+...

1 2! 31 41 5| n!

< 1+l+L + L+L+i+...+ | +... 6
o2 (22 2° 2¢ 2"

1+1+1+1+1+1+ +1+
= Stort gttt

1 1
Adding (1 +F +—j on both sides of (4), we get,

Left hand side of (5) represents the series (1). Therefore e <3 and also e > 2 and
hence 2 < e < 3.

Remark The exponential series involving variable x can be expressed as

Example 3 Find the coefficient of x? in the expansion of e*** as a series in
powers of x.

Solution In the exponential series

replacing x by (2x + 3), we get
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2
e = 1+(2x+3)+(2x+3) .

1! 2!

(2x+3)" _ 3+2x)"

n! n!

Here, the general term is

. This can be expanded by the

Binomial Theorem as

1 n ., n n—1 n n—=2 2 n
;[3 +C37 (20) 47 €3 (20) 4 (20) |
. _"Cy3? . :
Here, the coefficient of x? is — Therefore, the coefficient of x? in the whole
n!

series 1S

o n n—-2~2 0 _ n—2
3 C,3"%2 22n(n 1)3

— n! ~ n!

x 3n—2
2,,22(n—2)! [usingn!=n(n-1)(n — 2)!]

2 3
= 2{1+3+3—+3—+..}
n 21 3

=2¢ .
Thus 2¢3 is the coefficient of x? in the expansion of >,
Alternatively ¥ = &3 | ¥

2 3
= 1! 21 3!

22
3 _ 3
Thus, the coefficient of x2 in the expansion of e is € .?—Ze

Example 4 Find the value of €%, rounded off to one decimal place.

Solution Using the formula of exponential series involving x, we have
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Putting x =2, we get

5 2 2% 28 2t 2 2t
e=l+—+—+—+—+—+—
120 31 41 51 6!

= 1+2+2+f+2+i+i+
3 3 15 45
> the sum of first seven terms > 7.355.

On the other hand, we have

Thus, €? lies between 7.355 and 7.4. Therefore, the value of €%, rounded off to one

decimal place, is 7.4.

A.1.5 Logarithmic Series

Another very important series is logarithmic series which is also in the form of infinite
series. We state the following result without proof and illustrate its application with an
example.

Theorem If | x | <1, then

2 3
loge(l+x)=x—%+x?—...

The series on the right hand side of the above is called the logarithmic series.

The expansion of log, (1+x) is valid for x = 1. Substituting x = 1 in the
expansion of log, (1+x), we get

1 1 1
log,2=1-—+——+...
2 3 4
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Example 5If a, B are the roots of the equation x* — px+¢ =0, prove that

2 2 3 3
o+ o+
B o @B

loge(1+px+qx2)=((x+[3)x—

2 3
2 o B By
Solution Right hand side = | ¥ = + 3 _W]{Bx_T-FT_'"
= loge(1+ocx)+log(1+[3x)
= 1Oge(1+(on+B)x+oanz)

= log, (1 + px+ qxz) = Left hand side.

Here, we have used the facts a+B=p and af=¢g . We know this from the

given roots of the quadratic equation. We have also assumed that both |ax|< 1 and
Bx|<1.

4

®  —

o,
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Appendix 2

MATHEMATICAL MODELLING

A.2.1 Introduction

Much of our progress in the last few centuries has made it necessary to apply
mathematical methods to real-life problems arising from different fields — be it Science,
Finance, Management etc. The use of Mathematics in solving real-world problems
has become widespread especially due to the increasing computational power of digital
computers and computing methods, both of which have facilitated the handling of
lengthy and complicated problems. The process of translation of a real-life problem
into a mathematical form can give a better representation and solution of certain
problems. The process of translation is called Mathematical Modelling.

Here we shall familiaries you with the steps involved in this process through
examples. We shall first talk about what a mathematical model is, then we discuss the
steps involved in the process of modelling.

A.2.2 Preliminaries

Mathematical modelling is an essential tool for understanding the world. In olden days
the Chinese, Egyptians, Indians, Babylonians and Greeks indulged in understanding
and predicting the natural phenomena through their knowledge of mathematics. The
architects, artisans and craftsmen based many of their works of art on geometric
prinicples.

Suppose a surveyor wants to measure the height of a tower. It is physically very
difficult to measure the height using the measuring tape. So, the other option is to find
out the factors that are useful to find the height. From his knowledge of trigonometry,
he knows that if he has an angle of elevation and the distance of the foot of the tower
to the point where he is standing, then he can calculate the height of the tower.

So, his job is now simplified to find the angle of elevation to the top of the tower
and the distance from the foot of the tower to the point where he is standing. Both of
which are easily measurable. Thus, if he measures the angle of elevation as 40° and
the distance as 450m, then the problem can be solved as given in Example 1.
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Example 1 The angle of elevation of the top of a tower from a point O on the ground,
which is 450 m away from the foot of the tower, is 40°. Find the height of the tower.

Solution We shall solve this in different steps.

Step 1 We first try to understand the real problem. In the problem a tower is given and
its height is to be measured. Let / denote the height. It is given that the horizontal
distance of the foot of the tower from a particular point O on the ground is 450 m. Let
d denotes this distance. Then d = 450m. We also know that the angle of elevation,
denoted by 0, is 40°.

The real problem is to find the height / of the tower using the known distance d
and the angle of elevation 0.

Step 2 The three quantities mentioned in the problem are height,
distance and angle of elevation.

So we look for a relation connecting these three quantities.
This is obtained by expressing it geometrically in the following
way (Fig 1).

AB denotes the tower. OA gives the horizontal distance h
from the point O to foot of the tower. ZAOB is the angle of

elevation. Then we have
(]

h 0440 A
tan® = — or h=d tan 0 .. (1) 450 m
d Fig1

This is an equation connecting 0, 4 and d.

Step 3 We use Equation (1) to solve 4. We have 6 = 40°. and d = 450m. Then we get
h = tan 40° x 450 =450 x 0.839 =377.6m

Step 4 Thus we got that the height of the tower approximately 378m.

Let us now look at the different steps used in solving the problem. In step 1, we
have studied the real problem and found that the problem involves three parameters
height, distance and angle of elevation. That means in this step we have studied the
real-life problem and identified the parameters.

In the Step 2, we used some geometry and found that the problem can be
represented geometrically as given in Fig 1. Then we used the trigonometric ratio for
the “tangent” function and found the relation as

h=dtan 0

So, in this step we formulated the problem mathematically. That means we found
an equation representing the real problem.
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In Step 3, we solved the mathematical problem and got that 2 =377.6m. That is

we found

Solution of the problem.
In the last step, we interpreted the solution of the problem and stated that the

height of the tower is approximately 378m. We call this as

Interpreting the mathematical solution to the real situation

In fact these are the steps mathematicians and others use to study various real-

life situations. We shall consider the question, “why is it necessary to use mathematics
to solve different situations.”

Here are some of the examples where mathematics is used effectively to study

various situations.

1.

Proper flow of blood is essential to transmit oxygen and other nutrients to various
parts of the body in humanbeings as well as in all other animals. Any constriction
in the blood vessel or any change in the characteristics of blood vessels can
change the flow and cause damages ranging from minor discomfort to sudden
death. The problem is to find the relationship between blood flow and physiological
characteristics of blood vessel.

In cricket a third umpire takes decision of a LBW by looking at the trajectory of
a ball, simulated, assuming that the batsman is not there. Mathematical equations
are arrived at, based on the known paths of balls before it hits the batsman’s leg.
This simulated model is used to take decision of LBW.

Meteorology department makes weather predictions based on mathematical
models. Some of the parameters which affect change in weather conditions are
temperature, air pressure, humidity, wind speed, etc. The instruments are used to
measure these parameters which include thermometers to measure temperature,
barometers to measure airpressure, hygrometers to measure humidity,
anemometers to measure wind speed. Once data are received from many stations
around the country and feed into computers for further analysis and interpretation.

Department of Agriculture wants to estimate the yield of rice in India from the
standing crops. Scientists identify areas of rice cultivation and find the average
yield per acre by cutting and weighing crops from some representative fields.
Based on some statistical techniques decisions are made on the average yield of
rice.

How do mathematicians help in solving such problems? They sit with experts in
the area, for example, a physiologist in the first problem and work out a
mathematical equivalent of the problem. This equivalent consists of one or more
equations or inequalities etc. which are called the mathematical models. Then
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solve the model and interpret the solution in terms of the original problem. Before
we explain the process, we shall discuss what a mathematical model is.

A mathematical model is a representation which comprehends a situation.
An interesting geometric model is illustrated in the following example.

Example 2 (Bridge Problem) Konigsberg is a town on the Pregel River, which in the
18th century was a German Island C

town, but now is Russian. Within River Bank B

the town are two river islands

that are connected to the banks

with seven bridges as shown

in (Fig 2).

People tried to walk around Island D
the town in a way that only
crossed each bridge once, but it
proved to be difficult problem.
Leonhard Euler, a Swiss Fig 2
mathematician in the service of
the Russian empire Catherine the Great, heard about the problem. In 1736 Euler proved
that the walk was not possible to do. He proved this by inventing a kind of diagram
called a network, that is made up of vertices .

. o . River bank
(dots where lines meet) and arcs (lines) (Fig3). A

He used four dots (vertices) for the two
river banks and the two islands. These have
been marked A, B and C, D. The seven lines yqand Island D
(arcs) are the seven bridges. You can see that
3 bridges (arcs) join to riverbank, A, and 3 join
to riverba%nlf B. 5 bridges (ar(?s) join to island River bank
C, and 3 join to island D. This means that all B
the vertices have an odd number of arcs, so
they are called odd vertices (An even vertex
would have to have an even number of arcs joining to it).

Remember that the problem was to travel around town crossing each bridge only
once. On Euler’s network this meant tracing over each arc only once, visiting all the
vertices. Euler proved it could not be done because he worked out that, to have an odd
vertex you would have to begin or end the trip at that vertex. (Think about it). Since
there can only be one beginning and one end, there can only be two odd vertices if you
are to trace over each arc only once. Since the bridge problem has 4 odd vertices, it
just not possible to do!

River Bank A

Fig 3
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After Euler proved his Theorem, much River bank
water has flown under the bridges in Konigsberg. A
In 1875, an extra bridge was built in Konigsberg,
joining the land areas of river banks A and B

(Fig4). Is it possible now for the Konigsbergians 181and € Island D
to go round the city, using each bridge only once?
Here the situation will be as in Fig 4. After )
the addition of the new edge, both the vertices Rlve%bank
A and B have become even degree vertices. Fig 4

However, D and C still have odd degree. So, it
is possible for the Konigsbergians to go around the city using each bridge exactly once.

The invention of networks began a new theory called graph theory which is now
used in many ways, including planning and mapping railway networks (Fig 4).

A.2.3 Whatis Mathematical Modelling?

Here, we shall define what mathematical modelling is and illustrate the different
processes involved in this through examples.

Definition Mathematical modelling is an attempt to study some part (or form) of the
real-life problem in mathematical terms.

Conversion of physical situation into mathematics with some suitable
conditions is known as mathematical modelling. Mathematical modelling is
nothing but a technique and the pedagogy taken from fine arts and not from the
basic sciences. Let us now understand the different processes involved in Mathematical
Modelling. Four steps are involved in this process. As an illustrative example, we
consider the modelling done to study the motion of a simple pendulum.

Understanding the problem

This involves, for example, understanding the process involved in the motion of simple
pendulum. All of us are familiar with the simple pendulum. This pendulum is simply a
mass (known as bob) attached to one end of a string whose other end is fixed at a
point. We have studied that the motion of the simple pendulum is periodic. The period
depends upon the length of the string and acceleration due to gravity. So, what we need
to find is the period of oscillation. Based on this, we give a precise statement of the
problem as

Statement How do we find the period of oscillation of the simple pendulum?
The next step is formulation.

Formulation Consists of two main steps.
1. Identifying the relevant factors In this, we find out what are the factors/
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parameters involved in the problem. For example, in the case of pendulum, the factors
are period of oscillation (T), the mass of the bob (m), effective length (/) of the pendulum
which is the distance between the point of suspension to the centre of mass of the bob.
Here, we consider the length of string as effective length of the pendulum and acceleration
due to gravity (g), which is assumed to be constant at a place.

So, we have identified four parameters for studying the problem. Now, our purpose
is to find T. For this we need to understand what are the parameters that affect the
period which can be done by performing a simple experiment.

We take two metal balls of two different masses and conduct experiment with
each of them attached to two strings of equal lengths. We measure the period of
oscillation. We make the observation that there is no appreciable change of the period
with mass. Now, we perform the same experiment on equal mass of balls but take
strings of different lengths and observe that there is clear dependence of the period on
the length of the pendulum.

This indicates that the mass m is not an essential parameter for finding period
whereas the length / is an essential parameter.

This process of searching the essential parameters is necessary before we go
to the next step.

2. Mathematical description This involves finding an equation, inequality or a
geometric figure using the parameters already identified.

In the case of simple pendulum, experiments were conducted in which the values
of period T were measured for different values of /. These values were plotted on a
graph which resulted in a curve that resembled a parabola. It implies that the relation
between T and / could be expressed

T =k (D)

4o’ .
It was found that & = ——. This gives the equation
g

!
T=2r |-
2 . (2)

Equation (2) gives the mathematical formulation of the problem.

Finding the solution The mathematical formulation rarely gives the answer directly.
Usually we have to do some operation which involves solving an equation, calculation
or applying a theorem etc. In the case of simple pendulums the solution involves applying
the formula given in Equation (2).
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The period of oscillation calculated for two different pendulums having different
lengths is given in Table 1

Table 1
/ 225 cm 275cm
T 3.04 sec 3.36 sec

The table shows that for / = 225 cm, T = 3.04 sec and for / =275 cm, T = 3.36 sec.

Interpretation/Validation

A mathematical model is an attempt to study, the essential characteristic of a real life
problem. Many times model equations are obtained by assuming the situation in an
idealised context. The model will be useful only if it explains all the facts that we would
like it to explain. Otherwise, we will reject it, or else, improve it, then test it again. In
other words, we measure the effectiveness of the model by comparing the results
obtained from the mathematical model, with the known facts about the real
problem. This process is called validation of the model. In the case of simple
pendulum, we conduct some experiments on the pendulum and find out period of
oscillation. The results of the experiment are given in Table 2.

Table 2
Periods obtained experimentally for four different pendulums

Mass (gms) Length (cms) Time (secs)
385 275 3.371
225 3.056
230 275 3.352
225 3.042

Now, we compare the measured values in Table 2 with the calculated values given in
Table 1.

The difference in the observed values and calculated values gives the error. For

example, for /=275 cm, and mass m = 385 gm,
error =3.371 -3.36 =0.011
which is small and the model is accepted.

Once we accept the model, we have to interpret the model. The process of
describing the solution in the context of the real situation is called interpretation
of the model. In this case, we can interpret the solution in the following way:

(a) The period is directly proportional to the square root of the length of the
pendulum.
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(b) Itis inversely proportional to the square root of the acceleration due to gravity.

Our validation and interpretation of this model shows that the mathematical model
is in good agreement with the practical (or observed) values. But we found that there
is some error in the calculated result and measured result. This is because we have
neglected the mass of the string and resistance of the medium. So, in such situation we
look for a better model and this process continues.

This leads us to an important observation. The real world is far too complex to
understand and describe completely. We just pick one or two main factors to be
completely accurate that may influence the situation. Then try to obtain a simplified
model which gives some information about the situation. We study the simple situation
with this model expecting that we can obtain a better model of the situation.

Now, we summarise the main process involved in the modelling as

(a) Formulation (b) Solution (¢) Interpretation/Validation
The next example shows how modelling can be done using the techniques of finding
graphical solution of inequality.

Example 3 A farm house uses atleast 800 kg of special food daily. The special food is
a mixture of corn and soyabean with the following compositions

Table 3
Material | Nutrients present per Kg| Nutrients present per Kg | Cost per Kg
Protein Fibre
Corn .09 .02 Rs 10
Soyabean .60 .06 Rs 20

The dietary requirements of the special food stipulate atleast 30% protein and at most
5% fibre. Determine the daily minimum cost of the food mix.

Solution Step 1 Here the objective is to minimise the total daily cost of the food which
is made up of corn and soyabean. So the variables (factors) that are to be considered
are

x = the amount of corn
y = the amount of soyabean
z = the cost
Step 2 The last column in Table 3 indicates that z, x, y are related by the equation
z=10x+ 20y .. (1)
The problem is to minimise z with the following constraints:
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(a) The farm used atleast 800 kg food consisting of corn and soyabean
ie., x+y>800 .. (2)
(b) The food should have atleast 30% protein dietary requirement in the proportion
as given in the first column of Table 3. This gives
0.09x + 0.6y > 0.3 (x +y) .. (3)

(c) Similarly the food should have atmost 5% fibre in the proportion given in
2nd column of Table 3. This gives

0.02x + 0.06 y < 0.05 (x +y) .. (4
We simplify the constraints given in (2), (3) and (4) by grouping all the coefficients
of x, y.

Then the problem can be restated in the following mathematical form.
Statement Minimise z subject to

x+y>2800
0.21x-.30y<0
0.03x - .01y >0

This gives the formulation of the model.

Step 3 This can be solved graphically. The shaded region in Fig 5 gives the possible
solution of the equations. From the graph it is clear that the minimum value is got at the
point (470.6,329.4) i.e., x =470.6 and y = 329.4.

Minimise z

1500 s/ " TTme-all
1000
N

500

| | |
0 500 1000 1500

Optimum: x = 470.6 kg
y=3294kg
z=Rs 11294

Fig 5
This gives the value of zas z=10 x 470.6 + 20 x 329.4 = 11294
This is the mathematical solution.
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Step 4 The solution can be interpreted as saying that, “The minimum cost of the
special food with corn and soyabean having the required portion of nutrient contents,
protein and fibre is Rs 11294 and we obtain this minimum cost if we use 470.6 kg of
corn and 329.4 kg of soyabean.”

In the next example, we shall discuss how modelling is used to study the population
of a country at a particular time.

Example 4 Suppose a population control unit wants to find out “how many people will
be there in a certain country after 10 years”

Step 1 Formulation We first observe that the population changes with time and it
increases with birth and decreases with deaths.

We want to find the population at a particular time. Let # denote the time in years.
Then ¢ takes values 0, 1, 2, ..., = 0 stands for the present time, # = 1 stands for the next
year etc. For any time ¢, let p (¢) denote the population in that particular year.

Suppose we want to find the population in a particular year, say 7, = 2006. How
will we do that. We find the population by Jan. 1st, 2005. Add the number of births in
that year and subtract the number of deaths in that year. Let B(¢) denote the number of
births in the one year between ¢ and ¢ + 1 and D(¢) denote the number of deaths
between ¢ and ¢ + 1. Then we get the relation

P(t+1)=P () +B(H-D ()
Now we make some assumptions and definitions

B ()
1. P_(t) is called the birth rate for the time interval ¢ to ¢ + 1.

D (t)
2. P_(t) is called the death rate for the time interval ¢ to ¢ + 1.

Assumptions

1. The birth rate is the same for all intervals. Likewise, the death rate is the same
for all intervals. This means that there is a constant b, called the birth rate, and a
constant d, called the death rate so that, for all >0,

b=B—(t) and d=D—(t) (D)
P () P ()

2. There is no migration into or out of the population; i.e., the only source of population
change is birth and death.
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As a result of assumptions 1 and 2, we deduce that, for ¢ > 0,
P (t+ 1) =P(t) + B(¢) - D(?)
= P(¢) + bP(¢) — dP(¥)
=1 +b-d) P@ .. (2)
Setting t= 0 1in (2) gives
P(1)=(1 +b - d)P (0) ..(3)
Setting # =1 in Equation (2) gives
PR)=(1+b-d)P (1)
=(1+b-d)(1+b-d)P(0) (Using equation 3)
= (1 + b —d)* P(0)
Continuing this way, we get
P()=(1+b—d)P(0) . (4)
fort=0,1, 2, ... The constant 1 + b — d is often abbreviated by » and called the growth
rate or, in more high-flown language, the Malthusian parameter, in honor of Robert
Malthus who first brought this model to popular attention. In terms of », Equation (4)
becomes
P($) = P(O)r" t=0,1,2,.. .. (5

P(?) is an example of an exponential function. Any function of the form cr ‘, where ¢
and r are constants, is an exponential function.
Equation (5) gives the mathematical formulation of the problem.

Step 2 — Solution
Suppose the current population is 250,000,000 and the rates are 5 =0.02 and d=0.01.
What will the population be in 10 years? Using the formula, we calculate P(10).
P(10)=(1.01)""(250,000,000)
=(1.104622125) (250,000,000)
=276,155,531.25

Step 3 Interpretation and Validation

Naturally, this result is absurd, since one can’t have 0.25 of a person.
So, we do some approximation and conclude that the population is 276,155,531
(approximately). Here, we are not getting the exact answer because of the assumptions
that we have made in our mathematical model.

The above examples show how modelling is done in variety of situations using
different mathematical techniques.
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Since a mathematical model is a simplified representation of a real problem, by its
very nature, has built-in assumptions and approximations. Obviously, the most important
question is to decide whether our model is a good one or not i.e., when the obtained
results are interpreted physically whether or not the model gives reasonable answers.
If a model is not accurate enough, we try to identify the sources of the shortcomings.
It may happen that we need a new formulation, new mathematical manipulation and
hence a new evaluation. Thus mathematical modelling can be a cycle of the modelling
process as shown in the flowchart given below:

> | ASSUMPTIONS/AXIOMS
I
FORMULATION
y’
SOLUTION
)
INTERPRETATION
"
N VALIDATION

NO YES
< SATISFIED > STOP
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‘ ANSWERS ’

|EXERCISE 1.1 |

(1), (iv), (v), (vi), (vii) and (viii) are sets.
(i) e (i) e (iii) ¢ (vi) e (v) e (vi) ¢
(i A=1{3,-2,-1,0,1,2,3,4,5,6} (i) B={l,
(i) C={17,26,35,44,53,62,71,80} (iv) = { }
(v) E={T, RLGO,N,M,E, Y} (vi F={ E T, R}
(1) {x:x=3n,nexand1<n<4} (i) {x:x=2"neNvand1<n<5}
@) {x:x=5,nevand1<n<4 } (iv) {x:xisanevennatural number}
(v) {x:x=n*neNnand1<n<10}
(i A={1,3,5...} @@ B=1{0,1,2,3,4}
i) C={-2,-1,0,1,2} vy D={L,0,Y,A}
(v) E = {February, April, June, September, November }
i) F={bc d fghj}
() <> (c) (i) «> (a) (iii) <> (d) (iv) <> (b)

| EXERCISE 1.2 |

.5}

@), (i), (iv)

(i) Finite  (ii) Infinite (i) Finite (iv) Infinite (v) Finite
(i) Infinite (i) Finite (i) Infinite (iv) Finite (v) Infinite
(1) Yes (i) No (i) Yes (iv) No

(i) No (i) Yes 6. B=D,E=G

| EXERCISE 1.3 |
(i) < (i) & (i) < (iv) « v) « (vi)
(vi) <
(i) False (i) True (i) False (iv) True (v) False  (vi) True

. () as {34} €A, (v) as 1 €A, (vii) as {1,2, 5} A,

(viii) as 3¢ A, (ix) as ¢ < A, (xi) as ¢ C A,

@) ¢, {a} o, {a},{b},{ab}

@) ¢, {15, {25 {3}, {L2}, {1,3},{2,3},{1,2,3} (iv) ¢
(i) (—4, 6] () (-12,-10) (iii) [0,7)

(iv) [3,4]

(i {x:x eR,-3<x<0} (@ {x:x eR,6<x<12}

@) {x:x eR,6<x<12} (v) {x R:—=23<x<5} 8 (iii)
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| EXERCISE 1.4 |
1 XuyY={1,2,3,5} (i) AuB={a b ceiou}
() AuB={x:x=1,2,4,50ramultiple of 3 }
(iv) AuB={x:1<x<10,x e N} (v) AuB={1,2,3}
2. Yes,AuB={a bc} 3. B
4. (@) {1,2,3,4,56} (i) {1,2,3,4,5,6,7,8} (i) {3,4,5,6,7,8}
(iv) {3,4,5,6,7,8,9,10} (v) {1,2,3,4,5,6,7,8}

ok
.

(vi) {1,2,3,4,5,6,7,8,9,10} (vi) {3,4,5,6,7,8,9,10}
5. () XnY={1,3} (ii) An B={a} g {3} (v o (v) o
6. (1) {7,9,11} @) {11,13} (i) ¢ (iv) {11}
V) ¢ (i) {7,9,11} (vi)) ¢
(vii) {7,9,11} (ix) {7,9,11} (x) {7,9,11,15}
7. () B @) C (i) D @{iv) ¢
v) {2} (vi) {x:xisan odd prime number } 8. (i)
9. (1) {3,6,9,15,18,21} (i) {3,9,15,18,21} (iii) {3,6,9,12,18,21}
(iv) {4,8,16,20} (v) {2,4,8,10,14,16} (vi) {5,10,20}
(vi)) {20} (viii) {4,8,12,16} (ix) {2,6,10,14}
(x) {5,10,15} (xi) {2,4,6,8,12,14, 16} (xii) {5,15,20}
10. () {ac} () {f, g} (i) {b,d }
11. Setofirrational numbers 12. () F (i) F (i) T (v) T
| EXERCISE 1.5 |
1. (i) {5,6,7,8,9} @) {1,3,5,7,9} (i) {7,8,9}
i) {5,7,9} v) {1,2,3,4} (vi) {1,3,4,5,6,7,9}
2. () {dyef g h} () {a b,c,h} (i) {b,d,f,h}

(iv) {b,c,d, e}
3. (1) {x:xisan odd natural number }
(i) {x:x isan even natural number }
@) {x:x € Nanduxisnotamultiple of 3 }
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(iv) {x:xisa positive composite number or x =1 }
(v) {x:xisapositive integer which is not divisible by 3 or not divisible by 5}
(vi) {x:x e Nandx is not a perfect square }

(vil) { x:x e N and x is not a perfect cube }

(vii) {x:xe Nandx =3 } (ix) {x:xeNandx = 2}

9
x) {x:xeNandx<7} (xi) {x:xeNandx < 5}
A is the set of all equilateral triangles.

@ U (i) A (iii) ¢ ) ¢

Miscellaneous Exercise on Chapter 1

Ac B, AcC,BcC, DcA, DcB, DcC

(i) False (i) False (i) True (iv) False (v) False
(vi) True

We may takeA={1,2},B={1,3},C={2,3}

| EXERCISE 2.1|

. x=2andy=1 2. The number of elements in A x B is 9.

GxH=1{(7,5),(7,4),(7,2),(8,5),(8,4),(8,2)}
HxG={(5,7),(5,8),4,7),4,728),2,7),2,8)}

(i) False

P x Q= {(m,n), (m, m), (n, n), (n, m)}

(i) True
(i) True
AxA={-1,-1),11,(1,-1),1,1)}
AxAxA={-1,-1,-1),(-1,-1,1),(-1,1,-1), (-1, 1, 1), (1, -1, -1), (1, -1, 1),
(1,1,-1),(1, 1, 1)}
A= {aa b}a B= {X,y}
AxB={(1,3),(1,4),2,3),(2,4)}
A x B will have 2* = 16 subsets.

A={x,y,z} and B = {1,2}
A={-1,0, 1}, remaining elements of
A x Aare (-1, -1), (-1, 1), (0,-1), (0, 0), (1, 1), (1, 0), (1, 1)
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| EXERCISE 2.2

. R=1{(1,3),(2,6),(3,9), (4, 12)}

Domain of R = {1, 2, 3, 4}
Range of R ={3, 6,9, 12}

Co domain of R = {1, 2, ..., 14}
R={(1,6),(2,7),(3,8)}
Domain of R = {1, 2, 3}
Range of R = {6, 7, 8}

3. R={(1,4),(1,6),(2,9),(3,4),(3,6),(5,4),(5,6)}

(9]

i R={(x,y):y=x-2forx=5,6,7}
(i) R=1{(5,3),(6,4),(7,5)}. Domain of R = {5, 6, 7}, Range of R={3,4, 5}

1) R={1,1),(12),(1,3),(1,4),(1,6), (24, (2,6),(2,2),(4,4),(6,06),
(3,3),(3,6)}

(i) Domain of R = {1, 2, 3, 4, 6}

(i) Range of R=1{1,2,3,4,6}
Domain of R=1{0, 1,2,3,4,5,} 7. R={(2,8),(3,27),(5,125),(7,343)}
Range of R=1{5,6,7,8,9, 10}
No. of relations from A into B = 2° 9. Domain of R=7

Range of R=7Z

| EXERCISE 2.3 |

(1) yes, Domain={2,5,8, 11, 14, 17}, Range = {1}
(i) yes, Domain=(2,4,6,8, 10,12, 14}, Range= {1,2,3,4,5,6,7}
(i)  No.
(i) Domain =R, Range = (- o, 0]
(i) Domain of function = {x : -3 <x < 3}
Range of function = {x : 0 <x <3}

@ fO)=-5 (@) f(NH=9 @) f(3)=-11

1 t(0)=32 (i) t(28) = % (iii) t(-10)=14 (iv) 100
(i) Range = (— o, 2) (i) Range =[2,0) (i) Range =R
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Miscellaneous Exercise on Chapter 2

2.1 3. Domain of function is set of real numbers except 6 and 2.
Domain =[1, o), Range = [0, «)

Domain = R, Range = non-negative real numbers

Range =10, 1)

f+gx=3x-2 8.a=2,b=-1 9.(i) No (i) No  (iii)No
(f-gx=-x+4

(i}c:x_ﬂ, 23

g 2x -3 2
(i) Yes, (i) No 11. No 12. Rangeof f={3,5,11,13}
| EXERCISE3.1 |
N . 19m Lo AT . 26m
0 3 (i) =5 (i) = (iv) =
(1) 39°22'30" (i1))—229°5'27" (iii) 300° (iv) 210°
20m
121 4.12° 36’ 5. T 6. 5:4
L2 L1 L1
M 13 (if) 5 (i) >3
|EXERCISE 3.2 |
3 2 1
sinx=——,cosecx=——,secx=—2,tanx=x/§,cotx=—
2 NE) NG
4
coseC X =—,Co0sS xX=——,8eCx=——,tan x=——,cot x =——
3 5 4 4 3
. 4 5 3 5 4
SIn xX=——,C08eC X=——,C0S X =——,SeC x=——,tan x = —
5 5 3 3
. 12 13 5 12 5
SiInx=——,C08€CX=——,C08x=—,tan x=——,cot x =——
13 13 5 12
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. 5 13 12 1
sIn X =—, COSEC X =—, COS X = ——, SeC X = ——
13 5 13 1

2 8. 3 9.73

& -
R

| EXERCISE 3.3 |

|
0 S5 (i) 2 - 3

Miscellaneous Exercise on Chapter 3

25 ¥5 1
5752

\/8+j\/g’\/8—2\/3’4+\/g

4

|EXERCISE 4.1

3+ 0 2. 0+i0 3. 041

2 7 6 _Q_ﬂ 7 £+l§
o 5 10 © 303
242 . -22 107 4 3
———260 10. —/—i—— 11. —_+i—
27 3 27 25 25

0+ il 14. 0—i 7‘2/5
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Miscellaneous Exercise on Chapter 4

Yy 307+599i
442
7 7. 20 —y—3 9. 2
1 12. 0 14. 4
| EXERCISE 5.1 |
G) {1,2,3,4) (i) {.—3,-2,-1,0,1,2,34,}
(1) No Solution @) {.—-4,-3}
() {..—2,-1,0,1} (i) (-o0,2)
() {-1,0,1,2,3,..} (i) (-2, o)
(~4, o) 6. (~o0,-3) 7. (-0, 3] 8. (-0, 4]
(-0,6)  10. (~», —6) 11. (0, 2] 12. (- oo, 120]
(4, o) 14. (-0, 2] 15. (4, ) 16. (~o, 2]
Co3), o> 18 [Lo) e >
01234 -101
>4
(~1, o), %if_m_> 20. [—%,wl <o >
35 22. 82
(5.7),(7.9) 24, (6,8),(8,10),(10,12)

9 cm

26. Greater than or equal to 8cm but less than or equal to 22cm
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Miscellaneous Exercise on Chapter 5

[2, 3] 2. (0,1] 3. [-4,2]
(—80 —10} [1 11}
(-23, 2] 5. 3 3 6. "3
-5,5)
-5.5 — 00 E=—tp—0 o—— >
3,9 S s 432001 2343567809°
. -1,7)
-1,7 —00 €—4+—+—0 o—t—+—>
1.7 PSS 0012345678010
(5, 00)
5, 0 —00 €—t+—t—t—+—+—+—0
(5, ) m\—1012345678>m
[-7,11]
-7, 11] |
—0c0 | S
76-5-4-3-2-101234567 8910111213

Between 20°C and 25°C
More than 320 litres but less than 1280 litres.
More than 562.5 litres but less than 900 litres.

9.6 <MA < 16.8
|EXERCISE 6.1 |
(i)125,(i) 60. 2. 108 3. 5040 4. 336
8 6. 20
| EXERCISE 6.2 |
(1)40320,(i))18 2. 30,No 3. 28 4. 64
(i) 30, (i) 15120
EXERCISE 6.3 |
504 2. 4536 3. 60 4. 120,48
56 6. 9 7. ()3, ()4 8. 40320
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(1) 360, (ii) 720, (iii) 240 10. 33810
(i) 1814400, (ii) 2419200, (iii) 25401600

| EXERCISE 6.4
45 2. (i)5,(ii)6 3. 210 4. 40
2000 6. 778320 7. 3960 8. 200
35

Miscellaneous Exercise on Chapter 6

3600 2. 1440 3. (i) 504, (ii) 588, (iii) 1632
907200 5. 120 6. 50400 7. 420
‘C x*C, 9. 2880 10. 2CH+*C,, 11. 151200

EXERCISE7.1 |
1-10x + 40x* — 80x* + 80x* — 32x°

32 40 20 5, x°
—5——3+——5x+—x -

X x X & 32

64 x5 —576 x5 + 2160 x* — 4320 x*>+ 4860 x> — 2916 x + 729
X 5 10 10 5 1
—t—t—x+—+—+—

243 81 27 9x 3x¥ X°

x® +6x* +15x° +2o+1—§ +i4 +i6

X X X
884736 7. 11040808032 8. 104060401
9509900499 10. (1.1)!° > 1000  11. 8(a’b + ab®); 406

2(x¢ + 156 + 152 + 1), 198

Miscellaneous Exercise on Chapter 7

396/6 3. 2a%+ 12a° - 10a* — 4a* + 2
0.9510

16 8 32 16 2 o Xt

—t -+t 4x+—+—+—-5

X X X’ X 2 2 16

27x% — 54ax’ + 117a*x* — 116a°x* + 117a*?* — 54a’°x + 27a°
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EXERCISE 8.1

3,8,15,24,35 2 12345 3. 2,4,8,16and 32
5 O B ’ . 2’ 3’4’5’6 . , 4, 0, an
—l l l éandZ 5. 25,-125,625,-3125, 15625
6626 6 T e e e
3921 49
-, — 2land— . —
2°2°2 2 7. 65,93 128
729 10 @
23

3,11,35,107,323; 3+11+35+107+323+..

-1 -1 -1 -1 -1 -1 -1 -1
—1,——,—,— =1+ — |+ — |[+] — |+ — |+
2 6 24120 (2) [6) [24) (120)

35 8
2,2,1,0,—-1; 2424140+ (1) +.. 14. 1,2,—,—and—
2’375
| EXERCISE 8.2 |
PE 2. 3072 4. —2187
1 20
(@) 13", (b) 120, (c) 9" 6. +1 7. g[l—(o.l) }
n n 3 2n
ﬁ(ﬁﬂ)(ﬁ-l} 0 [l‘(‘“)} " o (1-x7)
2 ° - ¢ 1_ 2
l+a X
22+3(311 ) 12. rzéorg;Termsalreg,l,éoré,l,g
25 572275
16 16/,
4 14. 7,2,7(2 —1) 15. 2059 or 463
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—4 B0 48163264, 18. @(10"—1)—%
333 81 9
496 20. R 21. 3,-6,12,-24 26. 9and 27

-1
n=— 30. 120,480,30 (2") 31. Rs 500 (1.1)'
x2—16x+25=0

Miscellaneous Exercise on Chapter 8

4 2. 160:6 3. +3 4. 8,16,32
50 5n 2
. il 10}1_1 - .o - __= 1_10*}1
4 1. G) 81( ) 5 o () 27( )
1680

Rs16680 14. Rs39100  15. Rs43690 16. Rs 17000; 20,000
Rs5120  18. 25days

| EXERCISE 9.1

121 .
——square unit.

2
(0, @), (0, — a) and (=v3a,0) or (0, a), (0, - ), and (v34,0)

. .. 15 1
@ |J’2 _J’1|’ (i1) |x2 —x1| 4. BE 0 5, ——
-3 9. 135°

1
1 and 2, or 5 and 1, or — 1 and -2, or B and — 1

| EXERCISE 9.2
y=0andx=0 2. x-2y+10=0 3. y=mx
(\@+1)x—(ﬁ—l)y=4(ﬁ—l) 5. 2x+y+6=0
x-3y+24320 7. Sx+3y+2=0
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8. 3x-4+8=0 9. Sx—y+20=0

10, (A+nx+3(1+ny=n+l11 11. x+y=5

12, x+2y—-6=0,2x+y—-6=0

13. Bx+y-2=0and~Bx+y+2=0 14. 2x—9y+85=0
.192

15. L= % —=(C-20)+124.942 16. 1340litres.  18. 2kx + hy = 3kh.

| EXERCISE 9.3 |

ok
.

1 1 5 5
@) y=—7x+0,—7,0; (i1) y=—2x+§,—2,§; (i) y=0x+0,0,0

Xy _ XL 3
2 () rp=L4s (n)§+_2 1372
2
2 : : 2 : : .
@) y= 3 intercept with y-axis = w3 and no intercept with x-axis.
3. 5 units
65 .
4. (~2,0)and (8,0) 5. ()77 umts (i1) [‘ units.
6. 3x—4y+18=0 7. y+7x=21 8. 30°and 150°
o 2
9
1. (ﬁ+2)x+(2£—1)y=86+1 or (\B—z)x+(1+2ﬁ)y=—1+sﬁ
_ (@ _ﬂj 1.8
12. 2x+y=5 13. |35 os 4. m=—,c=>
16. y—x=1, o
Miscellaneous Exercise on Chapter 9
1. (@3,b)x2,(c)6orl
8 32
2. 2x-3y=6,-3x+2y=6 3. 0,—5, 0,?
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5
Cos 28 5. x=-— 6. 2x—3y+18=0
2 2
I square units 8. 5 10. 3x—-y=7, x+3y=9
2345 .
13x+13y=6 13. 1:2 14. 1\8/_un1ts
The line is parallel to x - axis or parallel to y-axis
x=1, y=lLorx=—4, y=3 17. (-1,-4).
1£5v2
7\/— 20. 18x+ 12y +11=0
13
?,0 23. 119x+102y =125
EXERCISE10.1]
X2+y2—4y=0 2. x* +)y2+4x—-6y-3=0
36x? +36)>—36x— 18y +11=0 4. X*+y*-2x-2y=0
X2+ y* +2ax+2by +2b6>°=0 6. ¢(-5,3),r=06
1 1
2. 4.r= 65 8. el -5).r=453 9. e(3.05r =7
X+)y'—6x—-8 +15=0 1. x¥*+)y*=Tx+5y-14=0
X+y+4x-21=0& x>+’ 12x+11=0
xX*+y*—ax—by =0 4. x2+)>—4x—4y =5

Inside the circle; since the distance of the point to the centre of the circle is less
than the radius of the circle.

EXERCISE 10.2

F (3, 0), axis - x - axis, directrix x =— 3, length of the Latus rectum = 12

3 3
F (0, 5 ), axis - y - axis, directrix y =— > length of the Latus rectum =6

F (-2, 0), axis - x - axis, directrix x = 2, length of the Latus rectum =8
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F (0,—4), axis - y - axis, directrix y = 4, length of the Latus rectum =16

5 . g .
F (5 , 0) axis - x - axis, directrix x=— % , length of the Latus rectum =10

-9 9
F (0, ry ), axis - y - axis, directrix y = e length of the Latus rectum =9

V= 24x 8. x*=-12 9. y»¥=12x
=8 11. 2y =9x 12. 2x2 =25y
[EXERCISE 10.3

F (i@,O); V (£ 6, 0); Major axis = 12; Minor axis = 8 , e

16
Latus rectum = ?

F (0, £./21); V (0, £ 5); Major axis = 10; Minor axis = 4 , e

8
Latus rectum = g

F (£47, 0); V (£ 4, 0); Major axis = 8; Minor axis = 6 , ¢

9
Latus rectum = 5

F (0, +4/75); V (0,% 10); Major axis = 20; Minor axis = 10 ,

Latus rectum = 5

F (i\/ﬁ ,0); V (£ 7, 0); Major axis =14 ; Minor axis = 12 , e

72
Latus rectum = 7

F (0, +1043 ); V (0, 20); Major axis =40 ; Minor axis = 20 ,

Latus rectum = 10
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242
F (0, £ 44/2); V (0,% 6); Major axis =12 ; Minor axis =4 , e = T\/_;
4
Latus rectum =§
15
F(O,i\/g); V (0, 4); Major axis = 8 ; Minor axis =2 , e = g;
1
Latus rectum =5
o . . 5
F (+45,0); V (£ 3, 0); Major axis = 6 ; Minor axis = 4 , e = ?;
8
Latus rectum =§
2 2 2 2 2 2
LA g oY
25 9 144 169 36 20
2 2 2 2 2 2
x_+y_:1 14. x_+y_:1 15. X y_:
9 4 1 5 169 144
2 2 2 2 2 2
. A 17. =42 =1 18, —+2 1
64 100 16 7 25 9
2 2 2 2
X y 2 2 X y
S 20, X +4y =52 0r —+2—=
10 40 RN
[EXERCISE 10.4

5
Foci (% 5, 0), Vertices (+ 4, 0); e = —; Latus rectum =

4

o
2

Foci (0 + 6), Vertices (0, = 3); e =2; Latus rectum = 18

13
Foci (0, i\/ﬁ ), Vertices (0, + 2); e = g; Latus rectum =9

5
Foci (£ 10, 0), Vertices (+ 6, 0); e =§ ; Latus rectum =?
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214 6 14 45
Foci (O,iT), Vertices (O,iﬁ ); e =g ; Latus rectum = T\/_
65 49
Foci (0, i\/a ), Vertices (0, + 4); e =g ; Latus rectum =7
A g VX g VX
4 5 25 39 9 16
2 2 2 2 2 2
x__y_=1 11. y__x_=1 12. x__y_=1
16 9 25 144 25 20
2 2 2 2 2 2
x__y_=1 14. x__9i=1 15. y__x_=1
4 12 49 343 5 5
Miscellaneous Exercise on Chapter 10
Focus is at the mid-point of the given diameter.
2.23 m (approx.) 3. 9.11 m(approx.) 4. 1.56m (approx.)
X2 y2 X2 y2
—+—=1 6. 18 it 7. —+=—=1
81 9 S 25 9
8/3a
|EXERCISE 11.1|
. yand z - coordinates are zero 2. y - coordinate is zero
I, 1V, VIIL, V, VI, 11, 111, VII
(i) XY -plane @) (x,»,0) (ii)) Eight
|[EXERCISE 11.2|
()245 (i) 43 (i) 2426 (iv)24/5
x—2z=0 5. 9x?+25)2+2522-225=0
Miscellaneous Exercise on Chapter 11
16
(1,-2,8) 2. 7,\34,7 3. a=-2, b=—7,c=2

2
x2+y2+zz—2x—7y+2z=w
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IEXERCISE 12.1
(-2) :
6 2. 7 R 4, >
! o s . u , 108
2 T4
b 10. 2 11. 1 12 —l
. . . 1
2 14. 2 15 1 16, +
b ) on ‘on
a+1
4 18. b 19. 0 20. 1
0 22. 2 23. 3,6
Limit does not exist at x = 1
Limit does not exist at x =0 26. Limit does not exist atx =0
0 28. a=0,b=4
lim f)=0and M f(x) =(@-a)(@-a)..(a-a)
)161_15 f(x) exists for all a = 0. 31. 2

lim 4 — 5, lim ; ;
For M0 f'(x) to exists, we need m = n; M} f'(x) exists for any integral value

of m and n.
|EXERCISE 12.2 |
20 2.1 3. 9
- 2
(i) 32 (i) 2x-3 (i) 5 ) (x-1)’

" ran-Dx"? +a*(n-2)x"" + .. +a""!

a->b
() 2x—a-b (i) 4ax(axc’+b) (i) (x——b)2
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nx" —anx"' = x" +a

(v-af

n

: y L. T3 .
() 2 (i) 20— 15+ 6x—4 (i) F(S +2x) V) 15+ 5
~12 36 ) -2 _x(3x—2) )
(V)?"'F (vi) (x+1)2 (3x—1)° 10. —sinx
(i) cos 2x (i) sec x tan x
(i) Ssec x tan x — 4sin x (iv) — cosec x cot x
(v) —3cosec’ x — 5 cosec x cotx  (vi) 5cos x+ 6sin x
(vii) 2sec? x — 7sec x tan x
Miscellaneous Exercise on Chapter 12
1 / n
(i)—1 (i1)) =7 (i) cos (x +1) (iv) —sin (x —gJ 2.1
X
—qr
> *tps 4. 2c (ax+b) (cx +d) + a (cx + d)?
ad —bc -2 —(2ax +b)
— 6. T2 X #0,1 7 T, v
(cx+d) ) (x—l) ’ (ax +bx+c)
2 2
- —-2b -b. +2bpx + bg - -4 .
apx px+ar2 q \ apx X 2q ar 0 5a +2 _inx
(px2+qx+r) (ax+b) X x
2 n—1
ﬁ 12, na (ax + b)

(ax+ b)w1 (ex+ a’)W1 [mc(ax +b)+na(cx+ d)] 14. cos (x+a)

-1
— cosec® x — cosec x cot? x 16.

-2 2sec x tan x

(sin X —COS x)2 ) (sec x+ 1)2

2024-25
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20.

22.
23.

24.

26.

27.

29.

30.

bc cos x +ad sin x + bd

(c +d cos x)2

21.

2
COS X

x° (Sx cos x +3xsin x +20sin x —12cos x)

—x? sin x —sin x + 2x cos x

-q sinx(ax2 +sin x)+ (p + g cos x)(2a x +cos x)

—tanzx(x + cos x) + (x —tan x)(l —sin x)

35+15x cos x +28 cos x +28x sin x —15sin x

(3x +7 cos x)2

X cos%(Z sin x — x cos x)

cos a

ANSWERS 353

1 + tanx — x sec’x

28.

sin’x

(x +sec x) (1 - seczx) + (x —tan x). (1 +sec x tan x)

Sin X —7 X CoS x

sin"!x
3 2.
6.32 6.
157.92 10.
9,9.25
100, 29.09
93,105.58,10.27

2.

6.

EXERCISE 13.1
8.4 3. 233
16 7. 323
11.28 11. 1034
EXERCISE 13.2
n+l n*-1
—_—, 3. 16.5,74.25
2 12
64,1.69 7. 107,2276
10. 5.55,43.5

2024-25
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Miscellaneous Exercise on Chapter 13

4,8 2. 6,8 3. 24,12
(i) 10.1, 1.99 (i) 10.2, 1.98
20,3.036

| EXERCISE 14.1]

. No.

1 {1,2,3,4,5,6} (i) ¢ (i) {3,6} @iv) {1,2,3} (v) {6}

(vi) {3,4,5,6},AuB={1,2,3,4,5,6}, AnB=¢,BuC={3,6}, ENF={6},
DNE = ¢,

A-C={1,245},D-E={1,23},ENnF =¢, F ={1,2}

. A={(3,6),(4,5),(5,4),(6,3),(4,6),(5,5), (6,4), (5,6), (6,5), (6,6)}

B={(1,2),(2,2),(3,2),(4,2),(5,2),(6,2), (2,1),(2,3),(2,4), (2,5), (2,6)}
C={(3,6),(6,3),(5,4),(4,5), (6,0)}
A and B, B and C are mutually exclusive.

(i) AandB;Aand C; Band C; C and D (ii) Aand C (iii) B and D
(1) “Getting at least two heads”, and “getting at least two tails”
(i) “Getting no heads”, “getting exactly one head” and “getting at least two
heads”
(i) “Getting at most two tails”, and “getting exactly two tails”
(iv) “Getting exactly one head” and “getting exactly two heads”
(v) “Getting exactly one tail”, “getting exactly two tails”, and getting exactly
three tails”

| There may be other events also as answer to the above question. |

6.

A= {2, 1),(22),(2,3),(24),(2,5), (2,6), (4,1), (4.2), (4.3), (4.4), (4.5), (4,6),
(6,1),(6,2), (6,3), (6,4), (6,5), (6,6)}
B= {1, 1), (1,2), (1,3), (1.4), (1,5), (1,6), 3, 1), (3,2), (3,3), (3.4), (3.5), (3,6),
(5,1),(5,2), (5,3), (5.4), (5.5), (5,6)}
C= {(L1),(1.2),(1,3),(1.4),(2,1),(2,2),(2.3), (3,1), (3,2), (4, )}
@) A"={(1,1),(1,2),(1,3), (1,4),(1.5),(1,6), (3,1, (3,2), 3.3), (3.4, (3.5), (3.,6),
(5,1),(5,2),(5,3),(5.,4),(5,5),(5,6)} =B
(i) B'={(2,1),(2,2),(2,3),(2,4),(2.5),(2,6), (4.1), (4,2), (4.3), (4,4, (4.5), (4.0),
(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)} =A
@) AUB={(1,1),(1,2),(1,3),(1,4),(1,5), (1,6), (3,1),(3,2), (3,3), (3,4), (3,5),
(3,6), (5,1), (5,2), (5,3), (5:4), (5,5), (5,6), (2,1), (2,2), (2,3), (2,5),
(2,6), (4,1), (4.2), (4,3), (4,4), (4,5), (4,6), (6,1), (6,2), (6,3), (6,4),
(6,5),(6,6)} =S
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(iv) AnB=¢
(v) A-C={(24),(2,5),(2,6), (4,2), (4,3), (4,4), (4,5), (4,6), (6,1), (6,2), (6,3),
(6,4),(6.5),(6,6)}

(viy BuC={(1,1),(1,2),(1,3),(1,4),(1,5),(1,6),(2,1),(2,2),(2,3),(3,1),(3,2),
(3,3),(3,4),(3,5),(3,6), (4,1), (5,1), (5,2), (5,3), (5,4), (5.5), (5,6)}
(vi) BN C={(1,1),(1,2),(1,3),(1,4),(3,1),(3,2)}
(viii) AnNB'nC'={(24),(2,5),(2,6),(4,2),(4,3),(4,4),(4,5),(4,6), (6,1),(6,2),
(6,3),(6,4),(6,5), (6,6)}
(1) True (ii) True (iii) True (iv) False (v) False (vi) False

|EXERCISE 14.2 |

. (AYes (b)Yes (¢c)No (d)No (e)No 2. %

N R 5 1 L1
(1) 5 (i1) 3 (i) 5 (iv) 0 (v) 5 4. (a)52 (b) % (c) (I)E (11)5
A S | 3
(I)E (11)5 6. 5

Rs 4.00 gain, Rs 1.50 gain, Re 1.00 loss, Rs 3.50 loss, Rs 6.00 loss.

1 1 3
P ( Winning Rs 4.00) :E , P(Winning Rs 1.50) =1 P (Losing Re. 1.00) =§

1 1
P (Losing Rs 3.50) = 1 P (Losing Rs 6.00) :E .

13 1 7 1 1 3 1 7
(1) g (i1) g (ii1) 5 (iv) g ) g (vi) N (vii) g (viii) n (ix) g
9 1

L6 T
— )— (ii)— —
11 10. ()13 ()13 I 38760

(i) No, because P(AnB) must be less than or equal to P(A) and P(B), (ii) Yes

(i)% (i) 0.5 (iii) 0.15 14. ?
(1)§ (”)g 16. No 17. (i)0.58 (ii) 0.52 (iii) 0.74
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0.6 19. 0.55 20. 0.65
L1911 2
1) — 1) — m) —
035 W35 @)

Miscellaneous Exercise on Chapter 14

@Zi—gj ai)l—i‘;—gj 2. %

()3 Gy DS 4 @l (k) % (")x—iﬁ
@5 © 6. 2

(1) 0.88 (i) 0.12 (iii) 0.19 (iv) 0.34 8. ?

0% G 0. o
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Foreword

The National Curriculum Framework (NCF), 2005, recommends that children’s life
at school must be linked to their life outside the school. This principle marks a
departure from the legacy of bookish learning which continues to shape our system
and causes a gap between the school, home and community. The syllabi and textbooks
developed on the basis of NCF signify an attempt to implement this basic idea. They
also attempt to discourage rote learning and the maintenance of sharp boundaries
between different subject areas. We hope these measures will take us significantly
further in the direction of a child-centred system of education outlined in the National
Policy on Education (1986).

The success of this effort depends on the steps that school principals and
teachers will take to encourage children to reflect on their own learning and to
pursue imaginative activities and questions. We must recognise that given space,
time and freedom, children generate new knowledge by engaging with the information
passed on to them by adults. Treating the prescribed textbook as the sole basis of
examination is one of the key reasons why other resources and sites of learning are
ignored. Inculcating creativity and initiative is possible if we perceive and treat
children as participants in learning, not as receivers of a fixed body of knowledge.

These aims imply considerable change in school routines and mode of
functioning. Flexibility in the daily time-table is as necessary as rigour in implementing
the annual calendar so that the required number of teaching days are actually devoted
to teaching. The methods used for teaching and evaluation will also determine how
effective this textbook proves for making children’s life at school a happy experience,
rather than a source of stress or boredom. Syllabus designers have tried to address
the problem of curricular burden by restructuring and reorienting knowledge at
different stages with greater consideration for child psychology and the time available
for teaching. The textbook attempts to enhance this endeavour by giving higher
priority and space to opportunities for contemplation and wondering, discussion in
small groups, and activities requiring hands-on experience.

The National Council of Educational Research and Training (NCERT) appreciates
the hard work done by the Textbook Development Committee responsible for this
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book. We wish to thank the Chairperson of the advisory group in Science and
Mathematics, Professor J.V. Narlikar and the Chief Advisor for this book
Professor P.K. Jain for guiding the work of this committee. Several teachers
contributed to the development of this textbook; we are grateful to their principals
for making this possible. We are indebted to the institutions and organisations which
have generously permitted us to draw upon their resources, material and personnel.
We are especially grateful to the members of the National Monitoring Committee,
appointed by the Department of Secondary and Higher Education, Ministry of Human
Resource Development under the Chairpersonship of Professor Mrinal Miri and
Professor G.P. Deshpande, for their valuable time and contribution. As an organisation
committed to the systemic reform and continuous improvement in the quality of its
products, NCERT welcomes comments and suggestions which will enable us to
undertake further revision and refinement.

Director
New Delhi National Council of Educational
20 December 2005 Research and Training

iv
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Rationalisation of Content in the Textbooks

In view of the COVID-19 pandemic, it is imperative to reduce content load on
students. The National Education Policy 2020, also emphasises reducing the content
load and providing opportunities for experiential learning with creative mindset. In
this background, the NCERT has undertaken the exercise to rationalise the textbooks
across all classes. Learning Outcomes already developed by the NCERT across
classes have been taken into consideration in this exercise.

Contents of the textbooks have been rationalised in view of the following:

® Overlapping with similar content included in other subject areas in the same
class

® Similar content included in the lower or higher class in the same subject

* Difficulty level

® Content, which is easily accessible to students without much interventions

from teachers and can be learned by children through self-learning or peer-
learning

® Content, which is irrelevant in the present context

This present edition, is a reformatted version after carrying out the
changes given above.
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‘ SUPPLEMENTARY MATERIAL ’

CHAPTER 8

8.6 Infinite G.P. and its Sum

G.P. of the form a, ar, ar?, ar’, ... is called infinite G.P. Now, to find the formulae for
finding sum to infinity of a G.P., we begin with an example.
Let us consider the G.P.,

1, — —,...
39

Here a=1, 7”=§. We have

. 2
Let us study the behaviour of (;] as n becomes larger and larger:

n 1 5 10 20

(—) 0.6667 0.1316872428 0.01734152992 0.00030072866

2 n
We observe that as n becomes larger and larger, (Ej becomes closer and closer to

zero. Mathematically, we say that as n becomes sufficiently large, [gj becomes

sufficiently small. In other words as 7 — o, (Ej — 0. Consequently, we find that the

sum of infinitely many terms is givenby S_ =3.

2024-25



358 MATHEMATICS

Now, for a geometric progression, a, ar, ar?, ..., if numerical value of common ratio r
is less than 1, then

_a(l-r") a _ar"
" (1-7r) l-» 1-r

In this case asn —o0, 7" — 0 since || < 1. Therefore

1-r
Symbolically sum to infinity is denoted by S_ or S.

a

Thus, we have S=

1—r-
For examples,
1 1 1 1
i I+ —+ —+—+..=—=2.
(1) 2 22 23 I_L
2
@1 L] 1N/ 1 I )
ii e i 2 — N =T
2 27 2 1_(1j 14 L3
2 2

Exercise 8.3

Find the sum to infinity in each of the following Geometric Progression.

1. 1, %, %, (Ans. 1.5) 2. 6,1.2,.24, ... (Ans. 7.5)
L 5 20 80 A, B L, 333 3
T (ns.3 S A l60 6 (HS'S)

1 1

1
5. Provethat 32 « 3% » 3% _— 3
6. Letx=1+a+a*+..andy=1+b+5b*+ .., where|a| <1 and || < 1. Prove that

Xy

27,2 . —
1 +ab+ab+ .. Xt y—1

2024-25



SUPPLEMENTARY MATERIAL 359

CHAPTER 12

12.6 Limits Involving Exponential and Logarithmic Functions

Before discussing evaluation of limits of the expressions involving exponential and
logarithmic functions, we introduce these two functions stating their domain, range and
also sketch their graphs roughly.

Leonhard Euler (1707—1783), the great Swiss mathematician introduced the number
e whose value lies between 2 and 3. This number is useful in defining exponential
function and is defined as f(x) = ¢, x € R. Its domain is R, range is the set of pogitive
real numbers. The graph of exponential function, i.e., y = e*is as given in Fig.1

Y

x

grap

©

Q Fig. 13.11

Similarly, the lo nction expressed as log, R"— Riis given by log x =,

ifand only if e’ =x. [ ain is R" which is the set of all positive real numbers and
range is R. The %of logarithmic function y=log x is shown in Fig.13.12.

QO
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In order to prove the resu

x
et &
the expression runs a OWS:
X
1 e’ -1 .
< < 1+(e—2) olds for all x in [-1, 1] ~ {0}.

1+|x|_ X

Theorem 6 Prove t&n ! =1
Proof Using :&equahty, we get

1 1 1

Also !vilr(l’l+|x|:1+limo|x|:l+02

<1+|x(e-2),x1[-1, 1]~ {0}
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and  lim[1+(e=2)|x[]=1+(e-2)lim[x|=1+(e~2)0=1
Therefore, by Sandwich theorem, we get

lim &1 4
x—=0 X

. log (1+x
Theorem 7 Prove that lim log.A+x) =1
x—>0 X

log,(1+x)

Proof Let —— =) . Then
X é
log,(1+x)=xy
= l+x=¢e" Q

or

Example 5 Cowtj |
X = X
Solution W c
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. e'—sinx—1
Example 6 Compute hngﬂ
X X

. e —sinx—1 .. |e"—1 sinx
Solution We have hf{.l = hrr(} -
x> X x> X X
. e =1 .. sinx
=lim ~Ii =1-1=0
x—0 X x>0 x
log, x

Example 7 Evaluate lim |
X X —

Solution Putx=1+ A, then as x —»1= 4 — (. Therefore,
lim log, x ~ lim log,(1+h) Ece lim log, (1+x)
x>l x —1 h—0 h x—0

\\

1 - 2
Lim . (Ans. €%)
) sinx 1
lim &——— (Ans. 1)
x—>0 X
. -1

5. lim —°— ns. &) 6. limX¢ D (Ans. 2)

3 x—3 x>0 ]—cosx

log,(L+,2x) 10g(l+x )

i lim —=———~=
7. Lo% (Ans. 2) 8. o T sin® x (Ans. 1)

\
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